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AHHOTaU,HH 

Hccjie/i,yeTca cxoahmoctb ^HaroHajibHbix HejiHHeliHbix annpoKCH- 
Maii;HH na/;e-He6bimeBa ^jih MHoro3HaHHbix anajiHTHHecKHX cJjyHK- 
li;hh, 3a;];aHHbix h Beiii,ecTBeHH03HaHHMx na efliiHiiHHOM oTpesKe [—1,1]. 
ITojiyHeH anajior KjiaccHHecKoii TeopeMbi IIlTajiH c cxo/],hmoctii no 

eMKOCTH TaKHX annpOKCHMaiI,HH B COOTBeTCTByiOmeH "MaKCHMajIbHOli" 
o5jiaCTH MepOMOp4)HOCTH 3a/l,aHHOH 4)yHKi;HH. CKOpOCTb CXOflHMO- 
CTH 3THX paLi;HOHajIbHbIX 4)yHKIi;HH Ha OTpe3Ke H B MaKCHMajIbHOH 

o6jiacTH MepoMop4)HOCTH sa/iaHHOH 4)yHKi;iiH xapaKTepiisyeTca b 
TepMHHax "cTaii,HOHapHoro" KOMnaKTa j^jisi neKOTopoii CMemaHHoli 
(rpHHOBO-JiorapH4)MHHecKOH) TeopeTHKO-noTeHii;HajibHofi saflann paB- 
HOBecHa. HaiifleHO npe^ejibHoe pacnpe/];ejieHHe ToneK HHTepnojifmHH 
Ha OTpe3Ke [—1,1] HcxoflHott 4)yHKu;HH HejiHHeiiHoit annpoKCHMai^neii 
na/i,e-He6bimeBa. 

BnGjiHorpacJjHH: 57 Ha3BaHHH. 
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flOBaHHH (rpaHTbi 08-01-00317 h 09-01-12160-o4)h-m) h IlporpaMMbi no^epjKKH 
BeflymHx HayHHbix niKOji PO (rpaHT Hlll-8033. 2010.1). 
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1 BBe/i,eHHe 



riycTb Ha e;];HHHHHOM oxpesKe E = [—1,1] sa^ana BemecTBeHHaH (|)yHKn;HH /, 
rojioMop(|)Ha5i Ha E. HycTb {Tk{x)} - nojiHHOMbi He6t.imeBa (nepBoro poj^a), 
opTOHopMHpoBaHHbie Ha oxpesKe E no Mepe dr^x) = (1 — x^)"^/^ dx. OyHK- 
n,HH / cooTBexcTByeT pa^ Oypt.e-He6t.imeBa: 



oo „i 

f{^) ~ ^CfcTfc(a;), Ck = Ck{f) = / f{x)Tk{x) dr^x). 
k=o -^^^ 



(1) 



J\ji9i npoHSBOjiBHoro p > 1 Hepes T p o6o3HaHHM bjijihhc c (|)OKycaMH b toh- 
Kax ±1 H cyMMOH HOJiyocefi, paBHofi p. BnyTpeHHocTb sjijiHHca T p o6o3HaHHM 
Hepes Dp] o6jiacTH Dp ()yj\eM HasbiBaxb KanoHUHecKUMu (oTHocHTejitHo E). 
TaK KaK (|)yHKn;H3 / rojioMop4)Ha na (/ G Jif{E)), to psji (|T]) cxo;];htc3 k 
f{x) jioKajiBHo paBHOMepHo B oGjiacTH D{f) = Dp, rj^e p = po{f) - hh^^ckc 
MaKCHMajiBHOH KaHOHHHecKOH o6jiacTH, B KOTopyio / npo^ojiJKaexcH KaK ro- 
jioMop(|)Ha5i (|)yHKn;Ha. OGjiacxt D{f) - MaKCHMajibnaa o6jiacTb cxo^hmocth 
pa^a (|1|). 

JXns npoHSBOJiBHoro HaxypajibHoro HHCJia n nepes Mn o6o3HaHHM Kjiacc 
Bcex pan;HOHajiBHL.ix (|)yHKn,HH r BH^a r = p/q, r^e p,q - npoHSBOjiBHtie 
ajire6paHHecKHe nojiHHOMBi cxeneHH ^ n, q ^ 0. HycTb 4)yHKij,Ha / npofloji- 
jKaexca c oxpesKa E b o6jiacTB G D E KaK (oflHosHaHHaa) MepoMop(|)Haa 
(|)yHKii;HH. Tor^a ^Jia BejiHHHHbi 

eM)= inj \\f-r\\E (2) 

- HaHjiynmero paBHOMepnoro npnGjiHJKeHHa / paii;HOHajiBHbiMH ppoGsMn 
Kjiacca ^ cnpaBe^JiHBO Hepaeencmeo YoAma (cm. [0): 

m 4/" ^ g, (3) 



C{E, C\G) - eMKocTb KOH^eHcaxopa {E, C\G). 
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HepaBeHCTBO hocht ynueepcaAbHuu xapanmep - oho HeyjiyHinaeMO 
B Kjiacce ecex cJ)yHKn;HH, MepoMop(|)Ht.ix b oGjiacxH G. O^naKo ^jia hckoto- 
pbix BnojiHe ecTecTBeHHbix KjiaccoB 4)yHKi];HH nepaBencTBO yojima (|^) mojkct 
6biTb cymecTBCHHO ycHjieno. 

HycTB / = a, r^e a - MapnoecKasi (pyHKV^UH: 

d{z)= ^eC\[c,rf], (5) 

a - nojiojKHTejiBHas GopejieBCKaa Mepa na oxpesKe [c, d] C R, [c, d]r^E = 0. 
EcjiH a' = da/dx > hohth Bcio^y (n.B.) na [c,d], to fl^jia HaHjiyniuHX 
paiJ,HOHajibHbix annpoKCHMaii,Hii 4)yHKii,HH / HMeeM (cm. ||12|| ) 



lim = (6) 

n— >oo 

r^e BejiHHHHa g < 1 HMeex tot ace cmbicji, hto h b (0) c saMenoii KOH^encaTO- 
pa {E, C\G) Ha KOH^^encaTop (i?, [c, ci]) (b cooTHomeHHH co^^epacaTCH j^Ba. 
yTBepjK^eHHa: cymecTBOBaHHe npe^ejia h HH4)opMaii;Ha o ero BejiHHHHe). Ta- 

KHM oGpaSOM, B KJiaCCe MapKOBCKHX 4)yHKIJ,HH @, rOJIOMOp(|)HL.IX B oGjiacTH 

G = C\[c,d], BMecTo HepaBCHCTBa Yojima HMeeT MecTo cymecTBCHHo 6o- 
jiee cHJiBHoe paeencmeo (P) . CooTHomeHHe (^) cnpaBe;i,jiHBo h (|)yHKn;HH 
BH^a / = a + r, r^e r - pan;HOHajTbHaa (|)yHKn;HH, rojioMopcjDHaa na E. 
B cepHH pa6oT 1985-1986 rr. V. mTajib [H-i^ (cm. TaxjKe [H, |50 



H npHjiojKeHHe gj nojiynnji pa^ pesyjibTaTOB o cxo^hmocth KjiaccHHCCKHX h 
MHoroTOHCHHtix annpoKCHMai^HH ria^e fljia (|)yHKn;HH, rojioMop(|)HL.ix coot- 

BeTCTBCHHO B TOHKC 2 = OO H Ha (|)HKCHpOBaHHOM O^HOCB5I3HOM KOHTHHyyMe 

B C H HMeiomHx KOHCHHoe HHCjio ocoGbix TOHCK MHorosHaHHoro xapaKTcpa. 
Hs ero pesyjibTaTa, oTHocjimerocH k cjiynaio KOHTHHyyMa, h peayjibTaTOB pa- 



6oTbi [|T5| BbiTCKaeT cnpaBeflJiHBOCTb paeeHcmea (^ b Kjiacce (|)yHKn;HH, bc- 
mecTBeHHbix rojioMop(|)Hbix Ha £^ H HMeioniHx bhc E KOHennoe hhcjio ocoGbix 
TOHCK MHorosHaHHoro xapaKTepa. Tonnee, o6o3HaHHM nepes Rn HaHJiyHniHe 
paBHOMepHbie paij,HOHajibHt.ie annpoKCHMaij,HH (|)yHKn;HH / na OTpesKe E b 
Kjiacce Mn- ^oTf\a. cnpaBe;];jiHBa cjie^^yiomaa 



TeopeMa IIlTajia ((cm. |^-[^ h npHjioxceHHe ^). Uycmij cfyyuKyuH f 
eeiu,ecmeeHH03HaHHa u soAOMopcpna na ompesne E = [—1,1] u donycKaem 
MepoMopcpHoe npodoAotcenue c ompesna e C ecmdy sa ucKAmueHueM kohch- 
H020 HucAa oco6ux moHCK MH0203HaHH02o xapaKuiepa. Tozda cymecmeyem 
eduHcmeeHHUu KOMnanm F = F{f), ne nepeceKatoinuuc^ c E u maKou, 
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Hmo (f)yHKiL,ufi f MepoMopcfjHo} 6 o6Aacmu C \ F u Bar ak)6o20 KOMnanma 
K CC\{EUF) 

|(/-i?„)(^)|'^"^e-^^^(^)<l, zeK. (7) 

B cooTHomeHHH (0) ^ e^HHHHHaa Mepa c HocHxejieM na E, Gp{z) - 
rpHHOB (oTHocHxejibHo F) noTeHn;Haji Mepbi A. KoMnaxT F o6jia;i,aeT xaK 
Ha3t.iBaeMt.iM S'-cbohctbom (cm. (0)), ne pasGnBaex njiocKocxb h coctoht 
H3 KOHCHHoro HHCJia KycoHHo-anajiHTHHecKHx pyr, a A - paBHOBecnaa Me- 
pa (noflpoGnee cm. §0). Henocpe^cTBeHHo h3 (0) BbiTeKaex, hto (|)yHKti;H3 / 
npoflOJiJKaexca c oTpe3Ka E b C\F KaK o^H03HaHHa5i MepoMop4)Haa (|)yHK- 
ti;H5i. C ynexoM pe3yjibTaTOB pa6oTt.i h3 (|^ BbiTCKaeT, hto b ycjioBHsx h 
o6o3HaHeHHax TeopcMbi IIlTajia cnpaBc^jiHB anajior paBCHCTBa 

lim el/^ = q'; (8) 

n— >oo 

BejiHHHHa q HMeeT tot jkc cmbicji, hto h b (Q) c 3aMeHoii KOH^encaTopa {E, C\ 
G) Ha KOH;];eHcaTop [E, F), F = F{f). Otmcthm, hto S'-cHMMeTpHHHt.iii kom- 
naKT F HBjiaeTca cmav^uoHapHou uiohkou neKOToporo (|)yHKti;HOHajia sneprHH 
(cm. n. 0). 

06o3HaHHM Hepe3 /i(Q) Mepy, accoti;HHpoBaHHyio c npoH3BOjiBHt.iM nojiH- 

HOMOM Q: 

C:Q(C)=0 

r^e S( - Mepa /I,HpaKa c HocHTCjieM b tohkc (. HycTb A - BbiMCTaHHe paB- 
HOBecHOH Mept.1 A H3 o6jiacTH IIlTajiH D = C\ FHa.F = dD. Tor^a b 
ycjioBHHx TeopeMt.1 IIlTajia ^jia 3HaMeHaTejieH Qn{z) pati,HOHajii>Hijrx (|)yHK- 
ixaVi Rn HMeeM: 

-KQn) A, n oo, (9) 
n 

r^e cxo^HMocTB Mcp noHHMaeTca b cjiaGoii TonojiorHH. PaBHOBecnaa Mepa A 
(c HocHTCJieM Ha E) xapaKTepH3yeT npe^ejiBHoe pacnpe^ejieHHe tohck hh- 
Tepnoji5in;HH (|)yHKti;HH / pati;HOHajit>HOH 4)yHKn;HeH Rn- 

B CB5I3H c (PD (cm. TaKJKe (Bl) H npHJIOJKeHHe ^ HanOMHHM 



xopomo H3BecTHyio TeopcMy HcHHa-Cere (cm. [EM|, ||53) p,JifL HaHjiynrnHX 



^ToHHee, 4)yHKLi;HH / ^onycKaeT MepoMop4)Hoe npoflOjiJKeHHe b C \ F, KOTopoe mm 
TaKJKC 6yfleM o6o3Ha^aTb nepes /. 
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paBHOMepHMX noAUHOMuaAbHux annpoKCKuamiA 4)yHKii;HH /, rojioMop(|)HOH 
Ha E. 



TeopeMa HeHna— Cere . Uycmij cf)yHKUufi f soAOMopcf)Ha na ompesne E. 
Todda cyvnecmeyem BecKOHCHHaR nodnocAedoeameAhHocmh A = A(/) C N 
maKaR, umo dAH HauAynuiux paenoMepnux noAUHOMuaAhuux annpoKCUMa- 
U,uu Pn (pyHKyuu f UMeem Mecmo coomHomenue: 



-/i(P„) ^ Ap, n e A 
n 



27r|C2-l|i/2' 

- paenoeecHaH juepa Bar SAAunca T = 'i^po{f), Po{f) ^ undenc soAOMopcfjHocmu 
(pyHKyuu f . 

TaKHM oGpasoM, nyjiH nojiHHOMOB HaHJiynmero paBHOMepnoro npnGjiH- 
jKeHHH 4)yHKLi;HH / B npe;i,ejie Mo;];ejiHpyiOT MaKCHMajibHbiH sjijinnc rojio- 
Mop(|)HOCTH /, 4)aKTHHecKH "oTpesaa" BHyTpeHHOCTB SToro sjijinnca ot ero 
BHemneH nacxH. AHajiornHHtiii peayjiBxax cnpaBe^jiHB h ^jih HaHJiyniuHx 
paBHOMepHBix pai];HOHajiBHL.ix annpoKCHMaii,HH (|)yHKii;HH / c (fjuKcupoean- 
Hou cxeneHBK) snaMenaxejiH. 

OxMexHM, Hxo xopomo HSBecxHbiH ajiropHXM PeMesa [EO] (cm. xaxace H, 



41[ , |p5| ) no3BOJiHex npaKxanecKH naxo^^nxb HaHjiyHmne paBHOMepHbie no- 
jiHHOMHajiBHbie H pai^HOHajibHBie annpoKCHMan;HH sadauHou (|)yHKn;HH. 3xox 
ajiropHXM peajiH30BaH, nanpHMep, b cHcxeMe Maple. 0;i,HaKo npoij,ecc npax- 
XHHecKoro npnGjinxceHHoro nocxpoeHna xaKofi paij;HOHajibHofi annpoKCHMa- 
ij,HH ripe;];nojiaraex, hxo Hcxo^Haa 4)yHKLi;HH / sa^ana b Bujie hbhofo anajiH- 
xHHecKoro ((|)opMyjit>Horo) BBipajKeHHH. 



By^eM xenept CHHxaxb, hxo BemecxBeHHOSHaHHaa (|)yHKn;HH / sadana na E 
(cxo^amHMca) paflOM cI?ypbe-He6t.imeBa (cm. [^): 

oo 

fix) = CkTkix), Ck = Ckif) e M. (10) 

k=0 
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Otmcthm, hto ^jih HacTHHHbix cyMM Sn pa^a (|TUp TaKJKe cnpaBefljiHB anajior 
TeopeMt.1 HeHHa-Cere: 

-fi(Sn) Ar, ne A' = A'(f), n ^ oo. 
n 

TaKHM o6pa30M, nyjiH HacTHHHbix cyMM pa^a (0) b npe^ejie xaKJKe Mo^e- 
jiHpyioT MaKCHMajit.Ht.m sjijinnc rojioMop(|)HOCTH / (cm. pnc. |l]). 

2i 1 



1- 




-1- 



2"*! 1 1 1 1 1 1 1 

-2-10 1 2 

X 

Phc. 1: MaKCHMajibHbiH sjijinnc rojiOMop(|)HOCTH (Kpacnaa jihhh3) (|)yHKn;HH 
f[z) = {z — a){z — a), Ima > 0, H pacnojioaceHHe nyjieli (KpacHbie tohkh) 
HacTHbix cyMM Oypbe-HeGbimeBa Sioo h nojiiocoB h nyjiefl (cHHne tohkh) 
HejiHHeflHbix annpoKCHMan;HH na;];e-He6L.imeBa F50. 

PaccMoxpHM cjie^yiomyio aa^any. B Kjiacce ^„ naliTH paii;HOHajiBHyio 
(|)yHKii;Hio Fn, rojioMop(|)Hyio na oxpesKC E h y^oBjieTBopsiiomyio cjie^yio- 
meMy ycjiOBHio: 

CkiFn) = Ckif), k = 0,...,2n. (11) 
Hhbimh cjioBaMH, pasjiojKeHHe pan;HOHajiBHoii 4)yHKn;HH Fn = P/Q b pHfl 
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Oypt.e-He6t.imeBa ^ojijkho HMext bh^i, 



Fn{x) = Co + CiTi(x) H h C2nT2n H • (12) 

IIofljiejKaT onpe^ejieHHK) h3 cHcxeMBi (p!TD K034)(|)Hii;HeHTbi MHoroHjienoB P 
H Q. Pan;HOHajibHa5i (|)yHKij,Ha F„ (ecjiH ona cymecxByex) HasbiBaexca hcau- 
neuHou ^HaroHajiBHoii annpoKCHMaiJ,Heii na^e-He6bimeBa 4)yHKLi;HH / (an- 
npoKCHMan;HeH T[a.fl<e pafla (|T0|)). 

CncxeMa (0) HejiHHettHa oxHocnxejibHo K03(|)(|)Hii,HeHxoB nojiHHOMOB P 
H Q H He Bcer;i,a HMeex pemeHHe. Ten caMbiM, HejinHettHaa annpoKCHMaii,H5i 
na;];e-He6t.imeBa Moacex ne cymecxBOBaxb. Tax xax nojiHHOMbi He6t.imeBa 
5IBJI3IOXC3 nojiHHOMaMH OaGcpa jxjis oxpesxa E, xo cymecxBOBaHHe hcjih- 
HefiHOH annpoKCHMan;HH na^e-HeGbimeBa xecHo cBHsano c cymecxBOBaHHCM 

oo 

annpoKCHMaii;HH Ha^e cxeneHHoro pa^a ^ Ckw'^, Ck = Ck{f), o6jia^aioiri;eH 

fc=0 



onpe^ejieHHbiMH CBOHCXBaMH [cm. npeJK^e Bcero 



a xaKJKe 



H |30|). OxMexHM, Hxo npHBe;];eHHoe onpe^ejieHHe annpoKCHMaij,HH Ha^e- 
HeGbimeBa {jxanee - AHH) ocHOBano na HejiHHeliHOH (oxHocHxejibHO 
K034)4)Hii,HeHxoB HCKOMOH paii,HOHajibHOH (|)yHKLi;HH) cxcMc BeHKepa onpe- 
flfijiews KjiaccHHecKHx annpoKCHMai^nli Hafle cxeneHHoro pa;i,a. Bxopoft 
cnocoG onpe;];ejieHH3 AHH, ocHOBaHHbifl na jiHHefiHofi cxeMe OpoGeHHyca, 
npHBo;];HX K cymecxBCHHO flpymM pesyjibxaxaM (cm. ^ nacxt. 2, § 1.6], 
a xaKJKe [|I8|, |[19|, |2^); cxo^hmocxh auhcuhux annpoKCHMan;HH Ha^e- 
Me6t.imeBa Gy^ex nocBsmena paGoxa ||2l|. B nacxoamefi paGoxe Haynaexca 
cxo^HMOcxb Keyi^/KeiiKwa; flHaroHajiBHbix (xnna {n,n)) AHH. 



3 

B CBH3H c npHBefleHHOH Bbime b n. xeopeMoft IIIxajiH h cooxHomeHHeM (^ 
(cp. ( [23| ) H npHjiojKeHHe ^) ecxecxBeHHbiM oGpasoM BosHHKaex Bonpoc o cxo- 
;];hmocxh HejiHHeflHbix AHH fl^jis xaKoro ace Kjiacca anajiHXHHecKHx (|)yHK- 
ii,HH, HMeiomnx KOHCHHoe HHCJio ocoGbix xoHCK MHorosHaHHoro xapaKxepa. 
HacxoHmaH pa6oxa nocBsmena ^oKasaxejibcxy anajiora xeopeMbi Illxajia 
fljiH HejiHHettHbix Ann. C^ejiaeM b sxoh cbssh necKojiBKo saMenaHKH. 



3.1 



B paGoxax aBxopoB |]T8| h [O j^jis o6iu;hx opxoroHajiBHbix pasjiojKeHHH Gbijih 



paccMoxpeHbi o6a cnoco6a (BeflKepa h OpoGeHHyca) nocxpoeHHa ^^Haronajit.- 
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HL.IX annpoKCHMaii;Hfi Ha^e h ^oKasant.! xeopeMbi o cxo^hmocth xaKHx paij,Ho- 
HajibHMx annpoKCHMan;HH ^jih npoHSBOJibHofi MapKOBCKoli cJ)yHKii;HH (cm. 
HHJKe xeopeMy A). HacTOJimaa pa6oTa jiBjiaeTca ecTecTBeHHbiM pasBHTHCM 
pa6oT H ||T9[ jiJiii cjiynaa HejiHHeHHbix AHH: bmbcto MapKOBCKoM (JjyHK- 
li;hh ML.I paccMaxpHBaeM s^ecB npoHSBOJiBHyio (|)yHKn;Hio, BemecTBeHHyro h 
rojioMop(|)Hyio na E m HMeiomyio bhc E KoneHHoe hhcjio ocoGbix tohck mho- 
rosHaHHoro xapaKTepa. Ochobhoh peayjibTaT Hacxoamefi pa6oTt.i - TeopeMa § 

O CKOpOCTH CXO^HMOCTH (nO eMKOCTH) ^HarOHajIBHblX Ann flJIH (|)yHKIJ,HH H3 

yKasaHHoro Kjiacca h o npe^ejiBHOM pacnpe^ejieHHH xoneK HHTepnoji3n;HH 
cJ)yHKn;HH / pan,HOHajiBHoii (|)yHKn;Heii En- 3Ta xeopeMa HBjiaexcs anajioroM 
nepBOH TeopeMbi IHxajia (cm. xaKJKe npHjiojKeHHe ^ k HacToameii pa- 
6oTe) o cxoflHMocTH HO cMKocTH ^HaroHajiBHBix annpoKCHMan,HH ria^e fljia 
4)yHKii;Hii, sajxannhix (cxo;];5Iiii;hmc5i) cxenenHbiM pa^^oM b tohkc w = n nue- 
lomHx B C^„ KOHCHHoe HHCJio oco6t.ix TOHCK MHorosHaHHoro xapaKTepa (cp. 
TeopcMOH IIlTajiH ^Ji3 HaHjiyHniHx ;];HaroHajit.Ht.ix annpoKCHMaij,Hfi) . IlpH 
flOKaaaxejiBCTBe cxo^hmocth ^HaroHajibHbix HejiHHeHHbix AHH mbi ucnoAb- 
syeM amy nepeym meopeMy UlmaAH: 6jiaro^ap5i pesyjibxaxaM paGoxti |^ o 
HejiHHeflHBix annpoKCHMaij,H5ix Ha^e-OaGepa, HejiHHeflHbie AHH (|)yHKij,HH 
/ oKasBiBaioxcji cBssaHHtiMH c annpoKCHMan;HaMH Ha^^e cxencHHoro pa^a 

oo 

^ CkW^ , Ck = Ck{f), c noMombio onepaxopa Oa6epa-He6L.imeBa {noflpoGnee 

k=0 

CM. n. TcM caMbiM nenocpedcmeeHHo us nepeou meopcMu UlmaAR eu- 
meKaem, hto paiJ,HOHajibHt.ie 4)yHKij,HH F„ cxo;];axca no cmkocxh k (|)yHKn;HH 
/ B flonojiHCHKH K oGpasy KOMnaKxa IIIxajiH npn oxo6pa>KeHHH, sa^aBacMOM 
(|)yHKLi;HeH >KyKOBCKoro z = Zh.{w) := {w + l/w)/2. TaKHM oGpasoM, ochob- 
Hbie ;];oKa3aHHi>ie 3fl,ech yxBep>KfleHH5i xeopcMbi |^ cocxohx b cjie;];yioiri;eM: 

1) KOMnaKx E, o6jia;];aioin;HH 5'-cbohcxbom (0), cymecxByex, e^^HHcxBCH 
H HBjiHexcH cxai];HOHapHL.iM KOMnaKXOM ^jiH (|)yHKn;HOHajia sneprHH ([T5[) npn 
6 = 1; KOMnaKx E coBnaflaex c o6pa30M nepBoro KOMnaKxa Illxajia S, aa^an- 
HBiM B njiocKocxH HepeMeHHoro w, npn oxo6pa>KeHHH c noMomtio 4)yHKii;HH 
>KyKOBCKoro: E = Zh(S'); 

2) cnpaBe^jiHBo cooxHomeHHe (|^, xapaKxepHayiomee CKopocxb cxo^h- 
MocxH pan;HOHajibHt.ix annpoKCHMaij,HH F„ k (|)yHKij,HH / na KOMnaKXHbix 
no^MHoacecxBax oGjiacxH C \ F b xepMnnax rpHHOBa (oxhochxcjibho cxan;H- 
OHapHoro KOMnaKxa E) noxeni^Hajia paBHOBecnofl Mept>i A; xaKHM o6pa30M, 
fljiH HejiHHettHbix AHM HMeex mccxo anajior (|)opMyjiL.i (^, ho c flpyruM S- 

CHMMexpHnHblM KOMnaKXOM; 

3) npe;],ejibnoe pacnpe^^ejienne xoncK HnxepnojiHn;HH ncxo^^non (|)ynKn;HH 
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/ pan;HOHajit>HOH ^ynKmievL Bnojine xapaKTepHsyexca Mepoii A - paBHo- 
BecHOH Mepoii ^jia cTan;HOHapHoro KOMnaKxa F, a npe^ejiBHoe pacnpe^ejie- 
HHe nojiiocoB F„ - Mepofl A - BbiMexaHHeM A h3 o6jiacTH C \ F na F. 



3.2 

B ||5l| (cm. xaKJKe ||T0| h |^) 6l.iji Hsynen Bonpoc o cymecxBOBaHHH ^naro- 
HajiBHBix HejiHHeflHBix annpoKCHMaij,HH Ha^e-OaGepa, nacTHbiM cjiynaeM ko- 
Topbix 3BJI5IIOTC5I annpoKCHMai^HH riafle-HeGbimeBa. OKasajioct, hto npn aa- 
flaHHOM HOMepe n cymecxBOBaHHe xaKott annpoKCHMaii;HH xecHo cBasano c cy- 

mecTBOBaHHeM annpoKCHMaii;HH Ha^^e cTeneHHoro pa^a ^ CkW^, = Ck{f), 

k=0 

B CMbicjie BeflKepa h oxcyxcTBHeM y sxofi paii;HOHajit.HOH (|)yHKii;HH nojiiocoB 
B saMKHyxoM e^HHHHHOM Kpyre \w\ ^ 1. 3xh ycjiOBHa Bbinojinaioxca saBe- 
flOMO He npH JI1060M n. Bojiee xoro, b ||5^ npRBejieH npHMep (ocHOBaHHbiii 
Ha KOHxpHpHMepe BycjiaeBa [H, @ k rnnoxese BeHKepa-FaMMejiJi-yHjijica) 
rHHepsjiJiHHXHHecKOH (|)yHKn;HH poj^a g = 2, fl^jis Koxopofi HejiHHeflHbie AHM 
He cymecxByiox hh npn o^hom n ^ 2. O^naKO KOHxpnpHMep BycjiaeBa cb3- 
san c HeKoxoptiM "Bbipo>K;];eHHeM": cooxBexcxByron^aa rHHepsjijiHHXHHecKaa 
(|)yHKn;H3 pasjiaraexca b Hepno^^HHecKyio HenpepbiBHyio ppoGh. C flpyroR 
cxopoHbi H3 pa6ox 1^ H BBixexaex, hxo b "xhhhhhoh" CHxyan;HH ^jih ^o- 



cxaxoHHo niHpoKoro Kjiacca anajinxKnecKHx (|)yHKn;HH, BKjiioHaiomero b ceGa 
Bce "xHnHHHbie" rHnepsjiJiHnxHHecKne (|)yHKn;HH, Bcerfl^a cymecxByex neKoxo- 
paa 6ecKOHeHHaH no^nocjie;];oBaxejibHocxb (saBHcamaa ox BbiGpaHHoii (|)yHK- 
n;HH), fl^jis KoxopoH xpeGyeMBie ycjioBHa Bbinojinaioxca. TeM caMbiM fljia co- 
oxBexcxByiomero Kjiacca MHorosnanHbix 4)yHKii;HH, nojiynenHbix c noMombio 
npeoGpasoBaHHa >KyKOBCKoro z = Zh.{w), HejiHHefiHbie AHH cymecxByiox 
no-KpaflHefl Mepe no neKoxopoii noflnocjieflOBaxejiBHocxH. 



3.3 

Hepea Mi{E) o6o3HaHHM MHOJKecxBo Bcex eflHHHHHbix (nojioacHxejitHtix 60- 
pejieBCKHx) Mep, HocnxejiH Koxoptix npHnaflJieJKax E. Hycxb K - npona- 

BOJIt.HL.IH KOMHaKX CO CB5I3HL.IM ^OHOJIHCHHeM B C XaKOH, HXO K Ci E = 

H o6jiacxt> Dk = C \ K peryjiapna oxhochxcjibho pemeHHa sa^^ann ^h- 
pHxjie, gxizjt) - cooxBexcxByiomaa oGjiacxH Dx (|)yHKn;Ha FpHHa c oco- 
GeHHOcxbio B xoHKe z = t E Dk- JX^^ Mepti /i G Mi{E) onpe;];ejieHbi 

jiorapHcJ)MHHecKHii V^{z) = J \og\z — x\^^ djj,{x) h rpHHOB (no oxnome- 
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HHio K KOMnaKxy K) noTeHn;Hajit.i: G'^{z) = J gxiz, x) dfi{x) (nojiaraeM 

QxiZjX) = npH z E K, X E E). HycTb 6* ^ - npoHSBOjibHoe 4)hk- 
cHpoBaHHoe HHCJio. J\jiii 4)HKCHpoBaHHoro KOMnaKTa K cymecTByeT eduH- 
cmeeHHaH Mepa \{9) = Xxid) G Mi{E), MHHHMH3Hpyioiu;aa (|)yHKii;HOHaji 

SHeprHH J{K,n;9) = J [9V'^{x) + G^{x)) djj^x) b Kjiacce Bcex Mep /i G 

Mi{E). Mepa A(^) h tojibko sxa Mepa (b Kjiacce Mi{E)) aBjiaexca pae- 
HoeecHou Mepou ^jia cMemaHHoro (rpHHOBo-jiorapH(|)MHHecKoro) noxeHi^H- 
ajia 9V^{z) + G^^{z). /I,pyrHMH cjioBaMH, Mepa A(^^) - e^HHcxBeHHaa Me- 
pa H3 Kjiacca Mi{E), ^jia Koxopofi HMeex Mecxo cooxHomeHHe paBHOBecna 
9V^^^\x) + G'^^^\x) = w{9) = const, x E E, w{9) = wk{9) - cooxBexcxByio- 
maa nocmoHHHaR paenoeecusi; npn 3xom J{K,fi] 9) = w{9). 

Tenepb ^jih cJiHKCHpoBaHHOH 4)yHKii,HH / E ^{E) (cm. onpe^ejieHHa b 
n. 1^) H npoH3BOjibHoro napaMexpa 9 E [0, +oo) b Kjiacce ^onycxHMBix 
KOMnaKxoB K fljiH / paccMoxpHM cjieflyiomyio xeopexHKo-noxeHn;HajibHyio 
sa^aHy: 

sup inf J{K,^;9)= sup J{K,Xk',9). (13) 

EcjiH cymecxByex KOMnaxx F = F{9) E J^f, ^Jia Koxoporo ^ocxHraexca cy- 
npeMyM b npaBofi nacxu (0), xo 3xox F nasbiBaexcs cmaVfUOHapHUM kom- 
nanmoM ^jih sa^aHH (|T3|). SnaHeHHaM napaMexpa 9 = 0,1,3 cooxBexcxBy- 
lox pasjinnntie xeopexHKO-noxenn;HajiBnL.ie aa^ann (0) n, Boo6n];e roBopa, 
pasjinnnbie cxan,Honapnt.ie KOMnaKXbi F{0), F{1), F{3). 3xh KOMnaxxbi cob- 
naflaiox xojibko b HCKjnonHxejibnbix cjiynaax, nanpnMep, ^Jia MapKOBCKoft 
(|)ynKn,HH / = a, nocnxejit. Mept.i Koxopon - oxpesoK BeniecxBennoH npHMoit 
(cm. |]T8|, []19|, [^, a xaxace xeopcMy A). Hpn sxom KOMnaxx F{0) coox- 
BexcxByex nanjiynmnM pan;Honajibnt.iM annpoKCHMan;H5iM 4)ynKn;HH /, -F(l) 
- nejinnenntiM AHH, F{3) - jinnennbiM AIIH, n Bce xpn cxan,Honapnt.ix 
(b sa^annoM Kjiacce Jtf) KOMnaxxa aBjiaioxca S'-CHMMexpHHHbiMH (nnane - 
oGjia^aiox S'-cbohcxbom): 

g(0.^,C,. c.F„. (14) 

rjie F = F{9), A = Xf{9) E Mi{E) - cooxBexcxByion],a3 paBnoBecnaa Me- 
pa, Fq - o6x.eflHHeHHe Bcex oxxptixbix pyr, npnnafljiejKamHx KOMnaxxy F, 
d/dn± - nopMajibUbie nponsBOflnbie, BSHXbie c npoxHBonojio>Knt.ix cxopon 
Ff). 3xo CBoiicxBO, xcm caMbiM, nocnx Bnojine ynnBepcajibntin xapaKxep. 
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3.4 



HecMoxpa na npoGjieny, cBHsaHHyio c cymecxBOBaHHeM paii;HOHajibHOH cJ)yHK- 
n;HH Fni B cHCTCMe Maple peajiHsoBanbi hmchho HejiHHeflHbie AHH. TaxHe an- 
npoKCHMaij,HH aKTHBHo HcnojibsyioTCH B npHjiojKeHHiix (cm., HanpHMep, pQ 



||26| , 1^), OHH HMeioT npcHMymecTBO nepe^i; jiHHeflHbiMH AHH, 

cocToamee b tom, hto no sa^anHbiM K03(|)(|)Hn,HeHTaM cI?ypbe-He6t.imeBa 
Co, Ci, . . . , C2n MOJKHo nocTpoHTB HejiHHeHHyio AHH nopaflKa {n,n), a jih- 
HeiiHyio - tojibko nopsflKa {m,m), r^e m = [2n/3] (no^poGnee cm. \TE 



|[T9[). HaHJiyHmne paBHOMepHbie paii;HOHajiBHL.ie annpoKCHMai];HH sadauHou 
(j3yHKii,HH Moryx Gbitb Hafi^eHBi c noMomtio xopomo HSBCCTHoro ajiropHTMa 
PcMcsa 3tot ajiropHTM xaKJKe peajinsoBan b chctcmc Maple. O^naKo 
npoi];ecc npaKXHHecKoro npnGjiajKCHHoro nocxpoeHHH xaKoii pan;HOHajibHOH 
annpoKCHMaii,HH npe;];nojiaraex, hxo Hcxo^^naH 4)yHKn;Ha / sa^ana b Bw^f\e 3b- 
Horo aHajiHXHHecKoro (cJiopMyjibHoro) BbipaaceHMH. KoHCHHoro naGopa ko- 
34)c|)Hn;HeHXOB Oypbe-HeGbimeBa j\Jiii sxoro He;];ocxaxoHHO (cm. pnc. 0-^. 

B 3aKjiK)HeHHe oxmcxhm, b |^ 6y;];ex Hsynena cxojxmAocTb auhcuhux 
AHM. B HacxHocxH, Gy^ex noKasano, hxo (J)yHKn;H}i / G ^{E) npn 
ycjioBHH Po(/) > cymecxByex eflHHcxBeHHbiii 5'-CHMMexpHHHL.iH KOMnaxx 
F = F(3) E J(ff. OrpaHHHCHHe Po(/) > CBHsano co cneij,H(|)HKOH 
BeKxopHofl xeopexHKo-noxeHn;HajibHOH sa^^ann paBHOBccna napaMcxpa 
^ = 3. A HMCHHo, napaMcxpaM ^ = 0, 6 = 1 h 6 = 3 cooxBexcxByiox 
cymecxBCHHo pasHbie BexxopHbie (pasMcpa 2x2) xeopexHKo-noxeHii;Hajit.Ht>ie 
saflaHH paBHOBecHs. HpH 6 = MaxpHn;a BsaHMo^eflcxBHH HMeex bh^ 

Aq = ( ^j, npH 6 = 1 MaxpHi],a Ai = ( '^^ ^j, npn 6 = 3 MaxpHii;a 



A, 



4 -1 
-1 1 



2 06o3HaHeHHa h cJ)opMyjiHpoBKa ochobhmx pe- 
syjibxaTOB 

1 

HepeHfleM k xohhbim onpe^ejieHHHM h o6o3HaHeHHaM. 

Hepes Mi{E) o6o3HaHHM MHOxcecxBO Bcex e^HHHHHbix (nojiojKHxejit.Ht.ix 
GopejieBCKHx) Mep, nocnxejin Koxoptix npnna^JieJKax E. Hycxt K - npons- 
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BOJIt.Ht.IH KOMHaKT CO CB33HbIM ^OHOJIHCHHeM B C TaKOH, HTO K (1 E = R 

oGjiacTB = C \ K peryjiapna oTHocHxejiBHo pemeHna safl^ann ^Hpnxjie, 
gK{z,t) - cooTBeTCTByiotu;a5i oGjiacTH Dk (|)yHKn;H5i FpHHa c oco6eHHocTt.io 
B TOHKe z = t E Dk- A^na Mept.i /j, e Mi{E) onpe;];ejieHt.i jiorapncJiMHHecKHH 
H rpHHOB (no OTHomeHHK) K KOMnaKTy K) noTeHn,Hajit.i: 



V^{z) = f log -j rdfi{x), C^i^z) = f gK{z,x) dfi{x), z^E 

J -I \z — x\ J_i 

(nojiaraeM g^iz^x) = npn z E K, x E E). HycTB 6^0- npoHSBOjit.- 
Hoe 4)HKCHpoBaHHoe HHCjio. J^Jiii 4)HKCHpoBaHHoro KOMnaKxa K cymecTByeT 
eduHcmeeHHasi Mepa X{6) = Ax(^) G Mi{E), MHHHMH3HpyK)iu;aa (|)yHKii,Ho- 
Haji 3HeprHH 

J{K,fi;9) = jj \og j^^^^ + gK{x,t)^ dii{x)dii{t) = j {eV''{x)+G^^{x)) dfi^x) 

(15) 

B Kjiacce Bcex Mep G Mi{E). Mepa A(^) h tojibko sxa Mepa (b Kjiacce 
Mi{E)) aBjiaeTca paenoeecHou Mtpou CMemaHHoro (rpHHOBO-jiorapncJ^MHHecKoro) 
noTeHn;Hajia 9V^{z) + G'^{z). ^pyrnMH cjioBaMH, Mepa A(^) - e^HHcxBeHHaa 
Mepa H3 Kjiacca Mi{E), jijis Koxopofl HMeex Mecxo cooxHomenHe paBHOBecHa 

^r^(^) (x) + Cjf ^ (x) = w{e) = const, xeE, (16) 
w{6) = Wk{0) - cooxBexcxByiomaa nocmofiHHafi paenoeecusi; npn 3xom J{K, fi; 9) = 

w\e). 



B [|T^ H [|l9l 6t.ijia Hsynena cxo^^hmocxb nejinnennbix annpoKCHMan;HH F„ n 
annpoKCHMan;HH OpoGennyca $„ ;i,Jia o6tti;HX opxoronajibnt>ix pasjioacennn 
MapKoecKux 4)ynKn,HH 

aiz)=[^, zeC\F, (17) 
Jf z- X 

rjie F = [c,d] G 9. \ E, a - nojioacnxejibnaa GopejicBCKaa Mepa na F, 
a' = da / dx > nonxn BCJopy (n.B.) na F. CKopocxb cxo;],hmocxh nocjie;];oBa- 
xejibnocxen F„ n $„ k (|)ynKn;Hn f = a b oGjiacxn D = C\[c,d] nojinocxbio 
xapaKxepnayexca b xepMnnax paBnoBecnon Mept>i A(^) G Mi{E) cooxbcx- 
cxBenno ^jih 6' = 1 h = 3 cjie^yiotti;HM o6pa30M. 
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TeopeMa A ((cm. [|T|], ^)). Ecau a' > n.e. na F = [c, d] cR\E, mo 
AOKaAbHO paeHOMepHO 6 o6Aacmu D\E 



lim|(a-/„)(^)r/" = e-<''^(^)<l, (18) 

n— >oo 

ede 6 = 1 Bar fn = u 6 = 3 Oasi fn = ^n- 

JXjiii HaHJiyHniHx b paBHOMepnofl MexpHKe na oxpesKe E paij,HOHajibHL.ix 
annpoKCHMan;HH i?„ (|)yHKii,HH a cooxHomeHHe ([T8|) cnpaBe^jiHBo c 6' = 
(cm. 0). 

06o3HaHHM Hepes /i(Q) Mepy, accoii;HHpoBaHHyio c npoHSBOJiBHbiM nojin- 
HOMOM Q: ^{Q) = Yl ^C' ^ Mepa /InpaKa c HocHxejieM b xoHKe 

C:Q(C)=0 _ 

(. Ilycxb Jl - BbiMcxaHHe Mept.i /i h3 oGjiacxH C \ F na F. Tor;];a b ycjio- 
BHsx xeopeML.1 A fl^jis sHaMenaxejieH Qn{z] 6), = 1,3, 0, cooxBexcxByiomiix 
paii;HOHajiBHt.ix (|)yHKLi;HH F„, $„, Rn HMecM: 

-KQn{-,0))^m, n^oo, (19) 
n 

Ffl^e cxo;];HMocxb Mep noHHMaexcH b cjiaGofi xonojiorHH. 



OxMexHM, Hxo pasBHXbie b [|T8), ||T9| Mexo;i,t.i hosbojihiox jierKo ;];oKa3axb 
anajior xeopcMBi A (c saMCHofl paBHOMepnoli cxo^hmocxh (^) na cxo^hmocxb 
no cmkocxh) h ^jih cjiynaa, Kor^a F cocxohx h3 hcckojibkhx oxpesKOB, a / = 
a + r, r^e a - MapKOBcxaa (|)yHKij,Ha (|13)5 ^ BemecxBennaa paij,HOHajii>Haa 
(|)yHKii;HH, rojioMop(|)HaH na E. 



3 

BBe^eM onpe;];ejieHH3 h oGosHaneHHa, cBHsannbie c KjiaccoM MHorosHan- 
Hbix anajiHXHHecKHx 4)yHKii;HH, paccMaxpHBacMbix b nacxoamefi pa6oxe. 
HanoMHHM, HTo Mbi paccMaxpHBaeM xojibko (|)yHKn,HH, BemecxBeHHbie h 
rojioMop(|)HL.ie Ha c^khkhhom oxpesKe E = [—1,1], Koxopbie hmciox b 
^onojiHeHHH K E KOHCHHoe HHCJio oco6t.ix xoHeK MHoro3HaHHoro xapaKxepa. 

KoMnaKx K co cbhshbim ^onojiHCHHeM Dk b C 6y^eM HasbiBaxb dony- 
cmuMUM jiJia 3a;];aHHOH MHorosnaHHofi anajinxKHecKOH (|)yHKij,HH /, ecjiH 
K r\ E = m f npoflOJiJKaexcH c oxpesKa E b o6jiacxb Dk k&k o^^HosHan- 
Haa MepoMop(|)Haa (|)yHKi];Ha. MnoacecxBO Bcex ;];onycxHMbix KOMnaKXOB jiJis 

(|)yHKIJ,HH / o6o3HaHHM HCpCS J^f . 
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Hepes ^{E) o6o3HaHHM Kjiacc (|)yHKn,HH /, Bein;ecTBeHHt.ix h rojioMop(|)- 

HL.IX Ha H yflOBJieTBOpHIOmHX CJie^yiOmHM ^ByM yCJIOBHHM: 

(1) cymecTByex KoneHHoe MHoacecTBo pasjiHHHbix tohck = {61, . . . , hm} C 
C \ E, m = m{f) ^ 2, xaKoe, hto: cHMMeTpHHHo oTHocHxejibHo Beme- 
CTBeHHOH npHMofl; (|)yHKij,Ha / npoflOJiacaexca (c oxpesKa -E) KaK MHoro- 
SHaHHaa anajiHTHHecKaH (|)yHKii;H5i b oGjiacxb C \ S j ; Ka>K;];aH xoHKa 6j G 
SBjiaexca tohkoh BeTBjieHHH 4)yHKi];HH /; 

(2) cymecTByex no-KpaflHeii Mepe o^hh ^onycTHMbili KOMnaKT K G Jt} 

XaKOH, HTO K CHMMexpHHeH OTHOCHXejIBHO BemeCTBeHHOH npSMOH, COCTOHT 

H3 KOHeHHoro HHCJia KycoHHo anajiHTHHecKHx ^yr h na KajK^oli otkpbitoh 
^yre, npHHa^JieJKamefi K, CKanoK 4)yHKLi,HH / OTjinneH ot TOJK^ecTBeHHoro 
Hyjia. 

Otmbthm, hto Kjiaccy ^{E) npHHa^^Jieacax, nanpHMep, cjie;];yioiri;He cJiyHK- 
n;HH, He jiBjiHiomHeca MapKOBCKHMH: 

J {z-b){z-b), \l {z -h){z -h){z - a), log - — \, 
^ ^ z — b 

Tjie Imb >0,aGM\-E'H BbiGpana Ha;];jie>Kairi;aH BexBb MHorosHaHHoft 
(|)yHKn;HH (cm. pnc. 

B ^ajiBHeiimeM 4)yHKn;Ha / G ^{E) npe^nojiaraexca (jDHKcnpoBaHHoii. 



Xopomo H3BecTHo (cm. ||T5|), HTo npH flOKaaaxejibCTBe cxo;];hmocth 

;];HaroHajibHL.ix annpoKCHMan;HH Ha^^e ^jih MHorosHanHbix anajiHTHHecKHx 
(|)yHKij,HH KjiioHeByio pojit. Hrpaex cymecxBOBaHHe ^onycxHMoro {fl,Jis sa^an- 
HOH (|)yHKn;HH) KOMnaKxa, o6jiaflaioiri;ero Tax HasbiBaeMbiM cbohctbom cma- 
U,uoHapHocmu HCKOToporo (|)yHKn;HOHajia sneprHH, cooTBeTCTByiomero 
paccMaxpHBaeMOH sa^^ane paij,HOHajibHOH annpoKCHMan;HH. 3to noHHXHe oxa- 
sbiBaexca tccho CBHsannbiM c cooTBeTCTByiomeH TeopeTHKO-noTeHn;HajibHOH 
saflanefl paBHOBccna, a cTan;HOHapHL.iH KOMnaKx oKasbiBaexca S'-cHMMexpHHHt.iM 
(HHane roBopa, oGjia^aex S'-cbohcxbom) . HpHBe^^eM onpeflejieHHc S'-CBoiicxBa 
flonycxHMoro KOMnaKxa, cooxBexcxByiomero paccMaxpHBacMofl sa^^ane paB- 
HOBCCHa fp^. 



Onpe^ejieHHe 1. Hycxb napaMexp 0^0. By^cM roBopHxt, hxo (hc pasGn- 
BaiomHH njiocKocxb H cocxoamHH H3 KOHeHHoro HHCjia KycoHHO-anajiHXHHecKHX 
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^yr) flonycTHMbiH KOMnaKT F = F{6) G oGjia^aex S-ceoucmeoM (hjih 
SBjiaexca S'-CHMMexpHHHbiM) , ecjin: 

||(0.^,C,. C.Fo. (20) 

r;i,e A = Xf{0) ^ cooxBeTCTByiomas paBHOBecnaa Mepa, Fq - oGi-e^HHeHHe 
Bcex oTKpbiTbix flyr, npHHafljiejKain;Hx KOMnaxTy F, d/dn± - HopMajiBHbie 
npoH3Bo;];HL.ie, bshtbic c npoTHBonojioacHbix CTopoH Ft). 

3acJ)HKCHpyeM xenepb napaMexp 6 = 1 m b ^ajiBHeHineM b oGoaHane- 
HHax 6y^eM KaK npaBHjio onycKaxt yKaaaHHe na axox napanexp. Ilycxb 
A = Ai^(l) G Mi{E) - paBHOBecHaa Mepa, cooxBexcxByiomaH npoH3BOJit>- 
HOMy KOMnaKxy K G J^, w = Wk{^) - cooxBexcxByromaa nocxosHHaa 
paBHOBecHa (cm. (0)): V^{x) + G^^{x) = w, x & E; npn 3xom J{K,X) = 
mill J(K, u) = w. 

CnpaBefljiHBa cjie^yioinas 

TeopeMa 1. Ecau (pyuKv^ufi f G ^{E), mo cyiu^ecmeyem eduHcmeeHHUU 
KOMnanm F = F{1) E ,J^f maKou, umo 

J{F, Xf) = max J{K, Xk). (21) 

Cmav,uoHapHuu KOMnanm F cocmoum us kohchhozo HUCAa KycoHHO-anaAumuHecKux 
dyd, He pasBueaem nAocKocmt u o6Aadaem S-ceoucmeoM (PD|), 2de Xp = 
Air(l) - coom6emcm6ymm,aH paenoeecHasi Mepa. 

TeopeMa |] ^oKasbiBaexca b ;i,Ba sxana b cooxBexcxBHH co cjie^yromeft 
cxeMOH. CnaHajia c noMombio reoMexpHnecKHx coo6pa>KeHHH, ocHOBaHHbix 
Ha saMene cJ)yHKLi;HOHajia sneprHH (|15D Mepbi A G Mi{E) na o6o6iri;eHHt>iH; 
(no oxHomeHHio k ;];onycxHMOMy KOMnaKxy K G J^f) xpaHC(|)HHHXHL.iH fl^ma- 
Mexp E flOKasBiBaexca, hto MaxcHMyM b npaBoli nacxn (|2l|) ^ocxaxonno hc- 
KaxB cpe^H xex ^onycxHMbix KOMnaxxoB, Koxoptie jieacax BHe MaKCHMajibHO- 
ro KaHOHHHecKoro sjuinnca rojioMop(|)HocxH /. TaKoe ceMeiicxBO KOMnaKXHO 
B xaycflop(|)OBOH MexpHxe, noaxoMy cymecxByex ^onycxHMBili KOMnaKX F, 
yflOBjiexBopHiomHH cooxHomeHHio (0). 3axeM c noMomtio BapHan;HOHHoro 
MeTOfl,a anajiornHHO [03 ycxanaBjiHBaexca, hxo 3xox SKCxpeMajibHbifl kom- 
naKX F aBjiaexca saMbiKaHneM KpHxanecKHX xpaeRxopnii neKoxoporo KBafl- 
paxHHHoro ^H(J)(|)epeHn;Hajia. Oxcio^a yxce Bbixexaex S'-cbohcxbo (0). 

CnpaBefljiHBa cjie^^yiomaa xeopeMa o cKopocxn cxo;];hmocxh pan;HOHajit.- 
HBix annpoKCHMaii;Hii F„ k (|)yHKii,HH / b oGjiacxH D = Dp = C\F. 
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TeopeMa 2. Tlycmb f G ^{E). Tosda Bar ah)6oso KOMnanma K G C\{EU 
F) 

|(/-F„)(.)p/"^e-^«^^(^)<l, zeK, (22) 

ede F = F{1). Upu amoM Oasi moHen UHUiepnoAfiv^uu (f)yHKii,uu f payuo- 
HaAbHou (pyHKyueu Fn na ompeane E u SHaMenameAsi Qn umccm 

77-/U(^2n) Af, -/i(<5n) A^;', OO, (23) 

Zn n 

2de U2n noAUHOM cmeneHU 2n + 1 c uyAHMU e mouKax UHmepnoARUuu, Xp 
- euMemanue juepu Xp G Mi{E) us o6Aacmu D na dD = F. 

TeM caMbiM B ycjioBHJix xeopeMbi ^ nocjie^^oBaxejiBHOCTb F„ / na 
KOMnaKTHbix no^MHOJKecTBax oGjiacTH D = C \ F. 

^OKasaxejibCTBo xeopeMbi |^ ocHOBano na nepBofl xeopeMe IHxajiH (cm. 
npHjiojKeHHe §) h o6iii;eH cxeMe, npe;];jio>KeHHOH b ||4^-[0 h ||15| h ocho- 



BaHHOH Ha S'-cBOHcxBe (^) cooxBexcxByiomero cxan;HOHapHoro KOMnaKxa. 
HpH ^OKasaxejibcxBe npe^ejiBHoro cooxHomeHHa (ESf) Hcnojibsyexca oGmas 



xeopeMbi 3 pa6oxL.i [15| (^jih paccMaxpHBaeMoro s^ecb nacxHoro cjiynas 
ip{z) = —V^{z)). OxMexHM, Hxo H3 (^2]) Bbixexaex, hxo K&jUflf^m nojiioc / 
B D npHxarHBaex no-KpafiHefl Mepe cxojibko nojiiocoB fn, KaKOBa ero Kpax- 

HOCXB. 

TaKHM oGpasoM, jijis 4)yHKii;HH / Kjiacca J^{E) KOMnaxx -F(l) b cjiynae 
HejiHHefiHbix Ann Hrpaex pojib oxpesKa [c, d\ , cooxBexcxByiomero MapKOB- 
CKOH (J)yHKii;HH a, supper = [c,d] (cm. (|T7|)). 

Eme pas oxMexHM, hxo cxan;HOHapHt>m KOMnaxx -F(l) aBjiaexcH oGpasoM 

oo 

KOMnaKxa Illxajia ^jih cxencHHoro pa^a ^ CkW^, Ck = Ck{f), npn oxo6pa- 

k=0 

jKeHHH, sa^aBaeMOM 4)yHKii,HeH >KyKOBCKoro z = {w + w~^)/2. 



5 

EcjiH {fl,Jis napaMcxpa 6 = 1) cxan;HOHapHt.m KOMnaxx F = F{1), cooxBex- 
cxByiomHH (|)yHKij,HH / G ^{E), cocxoHX H3 s HenepeceKaiomHxca anajiHXH- 
HecKHX ^yr, nonapno coeflHHSiomHX neKoxoptie xohkh BexBjieHHa b[, . . . , G 
(|)yHKii;HH /, xo OH ^onycKaex narjia^Hoe onncaHHe b xepMHHax, CBasan- 
HL.IX c HemupexAucmHou pHManoBofi noBepxHocxt.10 po^a g = s — 1. 
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riocTpoHM cHanajia flByjiHcxHyio pHManoBy noBepxHocxb = 9^*^^^ U UK^"^^ 
cjieflyiomHM o6pa30M. Bo3t>MeM flea sKseMnjiapa pHManoBOH c(|)epL.i C, pas- 
peaaHHbix no oxpesKy E = [—1,1], h nepexjieHM no paspesy. Hojiynennaa 
;];ByjiHCTnaji pnivianoBa noBepxHocTb £H = U 9^'-^^ sKBHBajienxna pnMa- 
noBofi c(j3epe. OnpeflejiHM na 4)yHKu;Hio u{z), z G 9^, cjie^yiomnM o6- 
pasoM: u{z^^^) = Gp''{z), u{z^'^'^) = wp — V''^''{z). Henocpe;i,CTBenno h3 
ycjioBH3 paBHOBecHH (|16D BbiTeKaex, nxo u - rapMonnnecKaH cJ)yHKn,H3 na 
\ (F^^^^ \ {oo''^^}). KpoMe xoro, m = na KOMnaxxe F^^"^ n u{z^'^'') = 
\og\z\ + Wp + o(l) npn z^'^^ — )■ oo'-^^. BosbMeM xenept ^Ba SKseMnjiapa ^K, 
paspeaannbix no KOMnaxxy F^^\ n nepexjienM nx MeJK^y coGoit no cooxBex- 
cxByioniHM paspesaM. HojiynnM nextipexjincxnyio pHManoBy noBepxnocxb 
9^1 po^a g = s — 1. Tax xax m = na xo m rapMonnnecKn npoflOJi>Kaex- 
CH c o;];noro sKseMnjiapa 9^ na ^^pyroii c nepeMenon anaxa. Hpo^ojiJKennaa 
(|)ynKn;H3 rapMonnnna na 9^i boojjj xpoMe xonex z = oo*^^-', cxd^^^ rjj^e ona 
HMeex jiorapH(|)MHnecKHe ocoGennocxn: log \ z\ npn z — )■ oo^^^ n — log \ z\ npn 

z — )■ oo^^K Cjie;];oBaxejiBno, u(z) = Refi(z), fi(z) = / dil, rjj^e dil{z) - 



J hi 

(e^nncxBennbin) a6ejieB ^H(|)(|)epenn;Haji na 9^i c nncxo MnnMbiMH nepno- 
^aMH H oco6ennocxt.io BH^a 1/z b xonxe z = oo^^^ n BH^a —1/z b xoh- 
Ke z = oo'^'^-'. KoMnaKX F cooxBexcxByex nyjieBon jihhhh ypoBna 4)yHKu;HH 
Re(](z): F = {2eC:Ren(z) = 0} \ 

OxMexHM, nxo ti(z) = gp{i){z, oo*^^-') - 4)ynKn;H5i Fpnna ^jia oGjiacxn 9^ \ 
F^-^^ c oco6ennocxbio b xonxe z = oo^^^, a Wp = 7^^-* - nocxoannaa Po6ena 
3XOH (|)ynKn;HH Fpnna. Ten caMbiM 3a;i,ana o MaxcHMyMe nocxoannoil w p 
cooxBexcxByex sa^ane o MnnnnyMe e""^, x.e. MnnnMyivie jiorapn^JMnnecKoft 

eMKOCXH. 

HenocpeflcxBenno ns peayjitxaxoB pa6ox [^|-|^^ n Bbixexaex, nxo 
fljia HauAynmux b paBnoMepnoii Mexpnxe na oxpesKe [—1,1] pan;Honajit.- 
nbix annpoKCHMan;HH /„ = i?„ (j3ynKn,Hn / G ,^{E) xaKJKe cnpaBCflJiH- 
Bo cooxnomenne BH^a (^2]), r^e ^ = 0,F = F(0) - cxan;HonapnL.iH kom- 
naKx, cooxBexcxByiomHH aa^ane paBHOBecna ([T6|) c = n o6jia^aion];HH 
S'-CBoitcxBOM (pOD, A = Ai7(0) - cooxBexcxByion];aH paBnoBecnaa Mepa. B 
3XOM cjiynae (|)ynKn;Ha u{z^^^) = wp — G^{z) npo;];oji>KaexcH nepes pas- 
pes, npoBe;];ennt.iH no oxpesKy E, na Bxopon jihcx pnManoBon noBepxnocxn 
c nepeMenon snaxa. Oxcio^a yjKe jierxo Bbixexaex, nxo aa^a- 
Ha o MaKCHMyMe nocxojmnon w p SKBHBajienxna sa^ane o MnnnMyivie eMKOcxn 
Konflencaxopa 

TaKHM o6pa30M, Bce xpn cxau;Honapnt.ix (b 3a;];annoM Kjiacce J(ff) kom- 
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naKTa F{1), F{3), F{0) o6jia^aioT S'-cbohctbom (PU]). 3to cbohctbo, tgm ca- 
MbiM, HOCHT BnojiHe yHHBepcajiBHBiH xapaKxep. 

3 ^OKasaxejibCTBO TeopeMbi |1] 
1 

riycTb K G - ^onycTHMBiii KOMnaKT ^jih c|)yHKn;HH / G ^{E): K G C\ 
E, cocTOHT H3 KOHeHHOFO HHCJia KycoHHO-aHajiHTHHecKHX ^yr, He pasGHBaeT 
njiocKocTb, / G ^(C \ K) H jijiii J11060H flyra i G K cKanoK A/ ^ na 
ripeflnojiojKHM TaKJKe, hto 00 ^ K, 00 ^J]f. 

HycTb A G Ml (i?) - paBHOBecHaH Mepa fl^jis K: 

V''{x) + G\{x) = wk, xeE, (24) 

BejiHHHHa w = wk - "nocToaHHaa PoGena" fljia K, - "eMKocxL." KOMnax^ 
xa K (cooTBexcTByiomaH sHeprnn B3aHMo;];eiicTBHa J(-); cm. (pTSD). HycTb A 
BBiMexaHHe paBHOBecHoii Mepti A na -ft'. PaccMoxpHM (|)yHKn;Hio 

v{z) := V\z) + G'j,{z) + gI{z) + gE{z, 00), (25) 
r^e G^^{z) - rpHHOB oTHocHxejiBHo E noTeHi],Haji Mepti /i, 

GU^) = j gE{z,C)df^{C), snppfiGC\E, 

Qe^z, - 4)yHKLi;Ha FpHHa ^Jia flonojiHeHHJi k oxpesKy E, Qe^z, 00) = log \z+ 
\/z^ — 1\. Hexpy^^Ho bh^^ctb, hto cyMMa G^{z)+G'^{z) - 4)yHKij,H5i, rapMOHH- 
HecKaa bhc E. Hs ( |25|) nojiynaeM, hto h (|)yHKij,H5i v{z) rapMOHHHHa b C\E. 
Hs cooTHomeHHa paBHOBecna (^) BbiTexaeT, hto v{x) = Wk npn x E E. 
Cjie;];oBaTejibHo, v{z) = npn 2; G C. OTcio^a ^jih z E K nojiynaeM 

WK = v{z) = V\z) + Gliz)+gE{z, 00), z e K. (26) 

Ho npH z E K noTeHij,Haji V^{z) = V^{z) —ck, r^e ck = gxi^, 00) dX{x). 

Je 

TaKHM oGpasoM, hs ( p6D nojiynaeM, hto ^jih BBiMeTaHHJi A G Mi{K) paBHo- 
BecHOH Mepbi A G Mi{E) cnpaBe^JiHBO paBencTBo: 

V''^{z) + G\ + gE{z., 00) = const = wk + Ci^- =: w^;, z E K. (27) 
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Cjie^oBaxejibHo, Mepa A G Mi{K) aBjiaexca (e^HHCTBeHHoii) paBHOBecHoft 
Mepoii B Kjiacce Mi{K) ^jia noTeHn;Hajia V^{z) + G^^{z) c BHeniHHM nojieM 
(p{z) = qeIz, oo). TaKHM oGpasoM, oTo6pa>KeHHe A — )■ A sa^aex BsaHMHo 
o;];H03HaHHoe cooxBexcTBHe ueyKfly paenoeecHUMU MepaMH fl^jis sa^^an ( P^ 
H (^). Xopomo H3BecTHo (cm. [Q, [Q, [^), HTo paBHOBccHaii Mepa H 



TOJiBKo 3Ta Mepa b Kjiacce Mep /x G Mi(ii') MHHHMHSHpyex cooTBeTCTByromHit 
(|)yHKii;HOHaji aneprHH 

J<^(ir, jj,) : = jj jlog 1^^-^ + S-sl^, C) I dn{z)diJ,{C) + 2 j (p{z) dn{z) 



V^'{z) + C^iz) + ip{z) } dfi{z) + I ip{z) dij{z) =we + ce- 

(28) 



HpH 3TOM fl^Jl^i COOTBeXCTByiOmHX Sa^aHaM (^) H (^Tj) nOCTOHHHblX paBHO- 

Becna HMeeM: wk = We — Ck- Tax k&k v{z) = Wk, to h3 (|26|) nojiynaeM, hto 
i^x = t;(oo) = + + Cij, r;];e 

ck = gK{x,oo)dX{x), ce = gE{C,oo) dX{C), 

J E Jk 

Je = log 2 - nocT03HHaH PoGena ^jia i?. Oxcio^^a c ynexoM ( pSf ) h paBencxBa 
"W^x = 7_E + c_ft: + c^; yjKe jierxo nojiynaeM, hto cooTBexcTByiomHe paBHOBec- 
HL.IM MepaM SHeprHH CBHsanbi cooxHomeHHeM: 

J^iK,X) = 2J{K,X)-^E. (29) 
HenocpeflCTBeHHo h3 (^Uj) BbixeKaex, hxo aa^ana 

sup inf J{K,u) (30) 

SKBHBajienxHa (npn ycjioBHH, hxo pemeHHe HmexcH cpe^H ^onycxHMBix kom- 
naKxoB K ^ oo) sa^ane 

M= sup inf J^{K,fi), r^e ip{z) = gEiz,oo). (31) 
HnjKe ML.I ;];oKa>KeM cyiu,ecmeoeaHue cxan;HOHapHoro KOMnaKxa F fl^jis 



sap.aHn (pl|). B cHjiy yKaaaHHofi sKBHBajieHXHocxn sxo 6y^ex osHanaxb, hxo 



3XOX KOMnaKx F aBjiaexca cxau;HOHapHbiM KOMnaxxoM h fl^jis sa^ann (RO 
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npH ycjioBHH, HTo F ^ oo. E^HHCTBeHHocTb TaKoro KOMnaKxa 6y^zi;eT Bt.i- 

TCKaTb KaK o6t.IHHO H3 CXO^HMOCTH AIIH K (|)yHKn;HH / G ^{Dp). Ycjio- 
BHH F^CXDHE^CXOHe 3BJiaiOTCa OrpaHHHHTejIBHBIMH H HOC3T HHCTO 

TexHHHecKHfi xapaKxep: hx Bcer^a mojkho ;i,o6HTbca c noMombio iiojx;Koj\ii- 
mero flpoGno jiHHeflHoro npeoGpaaoBaHHH, coxpaHJiiomero oxpesoK E (noKa 
peHb w^jxeT He 06 annpoKCHMaii;HH pa;];a (|l|) pan;HOHajibHL.iMH (|)yHKii;H5iMH, 
a o TeopeTHKo-noTeHLi,HajibHbix aa^anax paBHOBecna (0), (|3ll) ). Otmcthm, 
HTO Henocpe^cTBeHHO ^jih Hccjie^oBaHHS cxo^hmocth annpoKCHMan;Hii nyjK- 

HO 3KBHBajieHTHOe CTan;HOHapHOCTH CBOHCTBO S-CHMMexpHH KOMnaKxa F. 

KaK cjieflyeT h3 onpe^ejieHHsi (cm. (|20|)), sto cbohctbo HHBapnaHTHo otho- 
CHxejiBHo ^po6Ho-jiHHeHHbix npeo6pa30BaHHH h BooGme ne saBHCHx ox xoro, 
co^epjKHX KOMnaKX F xoHxy z = 00 hjih Hex. 

B saKjiioHeHHe sxoro nynxxa irpw,ej\eM eme oj\wy SKBHBajieHXHyio nepe- 
4)opMyjiHpoBKy sKcxpeMajiBHOH cKajiapHOH 3a.j\aHii (BDf) b Bw^j\e MaxpHHHofi 



(pa3Mepa2x2) xeopexHKo-noxeHij,HajibHOH sa^^ann paBHOBecHH (cm. ||T5|, ||16|| ) 
PaccMoxpHM cjie^^yiomyio BeRxopnyio sa^^any paBHOBecna b Kjiacce Bexxop- 
Mep /2= (/ii,/X2), yUi e Mi{E),iJ2 e Mi{K), K e J^f 



(x) - {x)=wi, xe E, 
-V^'{z) + V^'^{z) =W2, zeK, 



(32) 



c MaxpHii;eH BsaHMo^eflcxBHa A = 
BHBajieHXHa cKajiapHofl sa^ane 

Vix) + G^(x) = w, 



2 -1 



. BeKxopHaa aa^ana (|32D sk- 



xeE, fie Mi{E). 



(33) 



ripH 3XOM pemeHHe A = (Ai,A2) 3a;i,aHH (^) cBHsano c pemeHHeM sa^a- 
HH (^) cjie^yiomHM o6pa30M: Ai = A, A2 = A - BtiMexaHHe Mept.i A G Mi(E) 
R3 C\K Ha K, a j^jis cooxBexcxByiomnx nocxosHHbix paBHOBecna Wi,W2 h 
w HMecM: W2 = ck{X) = gxi^, 00) d\{x), Wi = w — W2; xcm caMbiM, 
w = Wi + W2- TaKHM o6pa30M, cKajiapnaa sKcxpeMajibHaa sa^^ana (|30D mo- 
yKeT 6t>ixt> sKBHBajieHXHBiM o6pa30M nepecjDopMyjiHpoBana b bh^^c cjie^^yiomeH 
BeKxopHoii aa^aHH 



sup inf JA{K,fi), 

lii(^Mi(E),tj.2eMi(K) 



(34) 
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r^e 



JA{K,fl) := {Afl,fl) = afcj[/ifc,/ij], = // \og-—^ dfik{z)dfi(C). 

k,j=i JJkxk \z-(.\ 



Cjie^yromne n. nocBHmeHbi ^OKasaxejibCTBy cymecTBOBaHHH CTan;HOHap- 
Horo KOMnaKxa ^jih 3KCTpeMajiBHOH sa^ann (|3l|) h onncaHHio HCKOTopbix 
ero cBoiicTB, b tom HHCJie S'-CBoiicTBa (|20|) . Cxena HSJioaceHHa cjie^yromaa. 
CnaHajia mbi ^oKajKeM, hto pemeHHe sKcxpeMajiBHofi sa^ann (|31| ) (x.e. cxa- 
n;HOHapHt.iH KOMnaKX F) mojkho HCKaxb cpe^H xex ;];onycxHML.ix KOMnaxxoB, 
Koxopbie jieJKax BHe MaKCHMajibHoro sjijinnca rojiOMop(|)HocxH (|)yHKn;HH /. 
3axeM nojibsyHCb xeM, hto xaxoe no^^ceMeficxBO KOMnaKXHO b xayc;];op(|)OBOH 
xonojiorHH mbi ^^OKaaceM cymecxBOBaHHe ;i,onycxHMoro KOMnaKxa, na koxo- 



poM ;i,ocxHraexc3 BejiHHHHa (0). 3axeM c noMombio Bapnai^HOHHoro Mexo- 
fl^a anajiornHHo [38| ^oKasbiBaexcH, hto 3KcxpeMajit.Ht.iH KOMHaxx aBjiaexca 
aaMBiKaHHCM KpHXHnecKHx xpaeKxopHH HeKoxoporo KBa^paxHHHoro flH(|)(|)e- 
peHH;Hajia. Oxcio^a yjKe Bbixexaex S'-cbohcxbo (|20|) . Oxmgxhm, hxo cymecxBy- 
ex H flTpjTOR Ho^xo^ K aa^ane o cytu;ecxBOBaHHH h cBOHcxBax cxaH;HOHapHoro 
KOMHaKxa. 3xox ho^xo^ ocHOBan na hbhom onncaHMH xaKoro KOMnaKxa b 
xepMHHax HeKoxopoH ajire6paHHecKOH cJ)yHKti;HH (cm., nanpHMcp, 0). 
B Kjiacce Mep /i G Mi{K) paccMoxpHM cjie;];yioto;yio sa^^any paBHOBCCHH: 

V^{z) + G''^{z) + gE{z, oo) = const =w, z e K, (35) 

CyniecxByex e^^HHCXBeHHaa paenoeecHafi juepa A G Mi{K), j^jis Koxopoft 
cnpaBe^jiHBO (^) c HCKOxopofi nocxoaHHofi w = wk (cm. a xaKsce 

||T^, [|T3|). Xopomo H3BecxHo (cm. [|T3), IQ, [0), hxo paBHOBecnasi Mepa 



H xojiBKO 3xa Mepa MHHHMHsnpyex cooxBexcxByiotti,Hfi 4)yHKti;HOHaji sneprHH 
J:^{K, fi) : = jj !^\ogj-^-j^+ gE{z,t)^ dfi{z)dfi{t) + 2 j <^{z) dfi{z) 

V'iz) + G^(z) + ^(z)| dfxiz) + j ifiz) dixiz) 

log , ]_ n + S-sl^:, + + V{t) I d^{z)dfi(t), (36) 



r^e (^(^) = gE{z, oo) = log |2; + z^ - 1|. 
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PaccMOTpHM cjie^yiomyio aa^any: 

M= sup mill J^{K,^), r^e ip{z) = gE{z,oo). (37) 

flpKayKeu, hto cymecxByex jioKajitHoe pemeHHe aa^anH (P7|), npHna^jiejKa- 
mee eHeiuHocmu MaKCHMajibHoro sjijinnca rojioMop(|)HocTH (|)yHKij,HH /. ^Jia 
3Toro onpeflejiHM BHemnee npoeKTHpoBaHne K npoHSBOJibHoro KOMnaKxa 
K G J(ff Bflpjih rnnepGoji, cooTBeTCTByiomHX oxpesKy E = [—1,1], cjie- 
flymiixiiM o6pa30M. Ecjih TOHKa z E fl = C \ Dp, to ^ = z. HycTb Tenept 
z G Dp\E. Tor^a nepes sxy xoHKy npoxo^HT e^HHCTBeHHaa rnnepGojia c (|)0- 
KycoM B TOHKe +1 HjiH —1; TaK KaK z He jiejKHT Ha oxpesKe E, to ona npHna^- 
jieJKHT BepxHett hjih HHJKHefi BexBH SToii rnnepGojit.!. Hojiojkhm ^ = zq eT p 
- e^HHCTBeHHaa xoHKa nepeceneHHa stoh bctbh c MaKCHMajitHtiM bjijihh- 

COM rOJIOMOp(|)HOCTH (|)yHKH,HH /. 5IcHO, HTO HpH TaKOM npoeKTHpOBaHHH 

K G J^f ^Jia JHo6oro K G J^. 

JleMMa 1. /I,AH AK)6oso KOMnaKma K G J(ff UMceM: Jip{K, X^) ^ Jip{K, Xk) ■ 

/(oKasameAhcmeo. JJ^jia z E C \ E hojiojkhm z = {( + l/()/2, rflfi \(\ < 1. 
Tor;i,a BBefleHHaH Bbime onepan;H3 BHemnero npoeKTHpoBaHHH B;i,ojib rnnep- 
6oji B njiocKocTH Cz 3KBHBajieHTHa pa;];HajibHOMy npoeKXHpoBaHHio BHyxpb 
e^HHHHHoro Kpyra |C| < 1 b hjiockocth C^, a jxjis (|)yHKH,HH FpHHa oxpesKa 
E HMeeM: _ 

c-e ' 

r^e t = (^ + l/^)/2, 1^1 < 1. PaccMOTpHM xenepb anajior (|)yHKn;HOHajia (p6D 
B Kjiacce ^HCKpexHbix Mep /i G Mi{K), K G Jff (x.e. anajior xpaHC(|)HHHX- 
Horo ^HaMexpa fljia ^onycxHMBix KOMnaKXOB; no^poGnee cm. p3| , rjiaBa II, 
§ 3] ) . TaK KaK no ycjiOBHio KOMnaKX K CHMMexpHnen oxHOCHxejibHO Ben^e- 

CXBeHHOH OCH, XO MOJKHO paCCMaxpHBaXb XOJIBKO Mept.1 C CHMMexpHHHblM 

oxHocHxejiBHo Ben];ecxBeHHOH och HocHxejieM. CooxBexcxByion^Hfl Kjiacc flHC- 
KpexHbix Mep o6o3HaHHM Ml{K). Tovj^a. 



g e{z, oo) = \og^^, gEiz,t)= log 



(38) 



inf IjK,fi)= inf JjK,jj,). 
C ynexoM (^8]) noflt.iHxerpajit>Hoe BbipajKeHne b nepenHCBiBaexca cjiefly- 



22 



lomHM o6pa30M: 



I g3{2,oo)gg{C,oo) 

log |^_^| + gEiz, t) + ip{z) + (p{t) = log ^— ^ + gsiz, C) 

= logdC - -11-^1) + log ^f^. (39) 

^JIH ^HCKpeXHOii Mepbl C CHMMeTpHHHblM HOCHTejICM (|)yHKn;HOHaji 3Hep- 

THH (^U]) He HSMeHHTCH, ecjiH Mbi B (^Uj) y6epeM 3HaK KOMnjieKCHoro conpa- 
aceHHH H nojiyneHHoe Bt>ipa>KeHHe 2 log | C ~ 'CI no;i,cTaBHM b (^) . Tenepi. 
yjKe acHO, hto BejiHHHHa inf I^r,(K,a) cooxBexcTByeT cmkocxh npoo6pa- 

sa KOMnaKxa K npn oxo6pa>KeHHH z = Zh.{(), \(\ < 1. Xopomo hsbccxho, hxo 
npn pa;];HajibHOM npoeKxnpoBaHHH eMKocxb MHoxcecxBa ne yBejiHHHBaexca. 
JleMMa flOKasana. □ 



HxaK, MBi noKaaajiH, hxo pemeHHe 3KcxpeMajiBHOH aa^anH ( |31|) (x.e. cxa- 
ii;HOHapHt.iH KOMnaKx F) mojkho Hcxaxb cpe^H xex ^onycxHMbix KOMnaxxoB, 
Koxopbie jieJKax bhc MaKCHMajibHoro ajijinnca rojioMop4)HocxH 4)yHKn;HH /; 
6ojiee xoHHO, b xaKOM ceMeflcxBe KOMnaKXOB (no^ceMeiicxBe Jt^f) mbi 6y^eM 
HCKaxB AOKQAbHoe pemeHHe SKCxpeMajitHoii sa^ann (^) npn anpnopnoM 
ycjioBHH, Hxo cooxBexcxByiomHH KOMnaKx F ^ oo. ToHHee, 3a(|)HKCHpyeM 
OKpecxHocxb f/(oo) 6ecKOHeHHo yflajieHHofi xohkh 2; = oo h b /i;ajiBHeHmeM 
CHHxaeM, Hxo cynpeMyM mojkho 6paxB no no;i,ceMeHCXBy xex KOMnaKXOB h3 
J^f, Koxopbie He HepecexaioxcH c f/(oo). 

BejiHHHHa M < 00. Cjie;];oBaxejiL.Ho, cyn^ecxByex Hocjie;];oBaxejibHocxt> 
flonycxHMbix KOMHaxxoB Kn G J^f xaxaa, hxo Bce Kn C C\DpQ(/) h J^{Kn, 
M. CeMeflcxBO {Kn} KOMHaxxno b xayc^op(j30BOH xoHOJiornn. Snannx, cy- 
mecxByex no^nocjie^oBaxejiBHocxb, Koxopyio mbi xaxxce 6yfl,eM o6o3HaHaxt> 
{Kn}, H KOMnaKX K* C C \ DpQ(^f) xaxne, hxo di{{Kn, K*) — )• npn n — )■ 00, 
K* C C \ Dpg(^f) (s^ecb H ^ajiee nepea dni-,-) oGosHanaexca paccxoaHne 
MejK^y ^ByMH KOMnaKxaMH b xayc^opcJ^OBoii MexpHKe). 

TaK KaK (|)yHKn;H5i / HMeex KonenHoe hhcjio xoneK BexBjieHHH, xo ^jis 
Bcex ^ocxaxoHHO Gojibuihx n ^ Hq Bce KOMnaKxti Kn co^epjKax b xohhocxh 
oflfin H xe ace xohkh BexBjieHHH cJ)yHKn;HH /. SnanHx, sxo cnpaBe;];jiHBo h j^jis 
KOMnaKxa K*. OneBH^Ho, hxo K* cHMMexpHnen oxHocnxejibHo BemecxBeH- 
HOH npsMOH H (|)yHKii;H5i / npoflOJiJKaexcH KaK (o^^HosHanHaji) MepoMop(|)Haa 
4)yHKii;Ha b xy CBaanyio KOMnonenxy D* ;i,onojiHeHH3 k K*, Koxopaa cofl,ep- 
JKHX oxpesoK E. KoMnaKX K* cocxohx h3 KOHennoro nncjia KOHxnnyyMOB, 
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nosTOMy o6jiacTb D* peryjiapna OTHOCHxejibHO pemeHHa sa^ann J^npiixjie. 
Cjie^oBaxejibHo, cymecxByex (|)yHKn;H5i FpHHa gK*{z,() A-na o6jiacxH D*. 
HpHBe^eM HeKoxopbie cBoficxBa KOMnaxxa K*. 

KoMnaKx K* ne HMeex BHyxpeHHHx xohck h He pasGnBaex njiocKocxt. 
/I,OKa3axejibcxBO sxoro yxBepac^^enHH npoBO^HXca no cxeMe, npe^JioJKeHHott 



B (cm. xaKJKe [36 1, [0). KoMnaxx K* cocxohx h3 KoneHHoro HHCjia kohxh- 
HyyMOB, K&yKfl^as cBssnas KOMnoHenxa K* co;i,ep>KHx no-KpafiHefi Mepe ^Be 
xoHKH BexBjieHHa 4)yHKn;HH /. Tax xax duiKn, K*) — > npn n — )■ oo, xo ^jia 



- min I b 

4 k^j,bj,bkeT.f 



1 



HMeeM: d}i{Kn,K*) < e, d}i{Kn,Km) < £ npn n,m ^ Uq; cjie^oBaxejibHO, 
npH n ^ riQ hhcjio CB33Ht.ix KOMnoHenx h K* o^HHaKOBO, cxo^hmocxb 
Kn — )■ K* MOJKHO xpaKXOBaxb no-KOMnoHenxHO h cooxBexcxByiomHe komho- 
HenxBi Kn H K* co;i,ep>Kax o^hh h xe ace xohkh MHoacecxBa S/; (|)yHKii,H5i 
/ G ^{De{K*)), rpaHHn;a oGjiacxH De{K*) cocxohx hs KOHeiHoro HHCJia 
KOHXHHyyMOB H D e{K*) peryjiapna oxhochxcjibho pemeHHa sa^^ann ^npHX- 
jie; cymecxByex cJ)yHKn,H5i FpHna gK*{zX) P.^^ o6jiacxH De{K*). 

Ho ycjioBHK) BbiGopa nocjie;];oBaxejibHocxH {Kn} HMeeM: J^{Kn, A) — )■ M. 
B CHjiy onpe;];ejieHH3 BejiHHHHbi M (cm. (0)) cnpaBe;i,jiHBO nepaBencxBO 

J^{K*,Xk*)^M. (40) 

Tax KaK fljia paBHOBecHtix Mep Ax 4)yHKn;HOHaji J{K, Ax) (cm. (|1^)) nojiy- 
HenpepbiBen CBepxy no K n J^{K,X) = 2J{K,X) — 7e, to hs cooxnomenna 
J^{Kn, A) — )■ M Bbixexaex, nxo 

M = lEK J^(ir„, A) ^ J^iK*,XK,). 

n—^oo 

Oxcio^a H nepaBencxBa ( ^0] ) nojiynacM, nxo J^{K*, Xk*) = M. 

B ^ajitnenmeM nojiaracM F = K* G BapHan;HOHHbiM mcxo^om ana- 



jiornnno ;],OKa3i>iBaexc3, nxo 3KcxpeMajit.nL.iH KOMnaKX F (ne pasGnBaio- 
n];HH HjiocKocxb) COCXOHX H3 Konennoro nncjia Kyconno-anajinxHnecKHX ;];yr, 
3Bji3exc5i coBOKynnocxbio KpHxnnecKHX xpaeKxopnn ncKoxoporo KBa;];paxnn- 
noro ;];H(J)(|)epenn;Hajia n o6jia;];aex S'-cbohcxbom (pO]). Hhjkc (cm. jicMMy H) 
npHBo;];HxcH cxeMa ^oKasaxejibcxBo sxoro pesyjibxaxa fl^jis cjiynaa npous- 
eoAbHoso napaMexpa 6^0 npn ycjioBnn, nxo cooxBexcxByron^nii 3Kcxpe- 
Majibnt.iH KOMnaKX F{6) cyniecxByex, aBjiaexca ;i,onycxHMt.iM, F{6) G J^f, n 
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F ^ oo] KaK noKasano Bbime b paccMaxpHBaeMOM a^ect cjiynae 6 = 1 sto 
ycjiOBHe BbinojiHaexca. HoflpoGHoe ^OKasaxejibCTBO sxoro pesyjitxaxa 6yflex 
flano B pa6oxe [p9|. 



Hnace mbi b ochobhom cjiepyeu cxeMe pa6oxt.i |^ 



JleMMa 2. Uycmb F G - cmav^uoHapHuu KOMnanm Bar (f}yHKii,uoHaJia 
anepzuu ([T5|) maKou, huio F ^ oo. Tozda F cocmoum us KoneHHoeo huc- 
Aa KycoHHO aHaAumuHecKux dys, o6Aadaem S-ceoucmeoM (^0|) u fieAfiemcH 
saMUKttHueM KpumuHecKux mpaeKmopuu neKomopoeo neadpamuHHozo du^- 
cf)epeHu,uaAa. 

JJoKasameAhcmeo. Hycxb F G Jt} - cxaii;HOHapHi>iH KOMnaKx ^jia (|)yHKii,H- 
OHajia sHeprHH (p 



J(F, Xp) = max JfiT, Aa-), A^^ G Mi(E), (41) 
{ai, . . . , am-2} = -f'nS/ (xoHKH ai, . . . , G S/ - ocoGbie xohkh 4)yHKn;HH 

m-2 

/ MHorosHaHHoro xapaKxepa, jiejKamHe na F). Hojiojkhm Am{z) = Yl ^ 

_ i=i 
Gj) ■ {z^ — 1). 3a4)HKCHpyeM xoHxy w E Q = C \ (E U F) r paccMoxpHM 
cjie;];yioiri;ee npeoGpaaoBaHHe: 

z^ = z + rh{z), me h{z) = (42) 

T - KOMnjieKCHbiH napaMexp. OHKcnpyeM neKoxopyio OKpecxHocxb Uq = {z : 
\z — w\ < To} xoHKH w xaKyio, HTo Uq G Q. Haflflexca Eq > xaxoe, ixo 
npH Bcex T, \t\ < Eo, oxo6pa>KeHHe z ^ Zr BsaHMHooflHOSHaHHo B o6jiacxH 
Qq = Q\Uo a o6pa3 Fr KOMnaxxa F - ^onycxHMbm KOMnaxx {Fr G ^f)- 

HOJIOJKHM D-r = C\Ft-. KoMHaKX F COCXOHX H3 KOHCHHOrO HHCJia KOHXH- 

HyyMOB; cjie^oBaxejibHO, npn |r| < Eq KOMnaKX F^ xaxace cocxohx h3 KOHen- 
Horo HHCjia KOHXHHyyMOB. HosxoMy cymecxByiox cJ)yHKn;HH FpHHa gnizX) 
H gD^-iz, ()■ Hafi^eM cJ^opMyjiy ^jih BapHan;HH cJ)yHKi];HH FpHHa 

6g{z,C):=9D.{z,C)-gD{z,C) (43) 

HpH |r| < £05 ^0 ^ flOCXaXOHHO MajIO, Z,( ^ (jDHKCnpOBaHBI, Z,( ^ U D, 

D = C\F. 
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PaccMOTpHM jiHHHio ypoBHii F (|)yHKij,HH FpHHa g£,{t,ZQ), r^e Zq E U - 

cJ)HKCHpOBaHHO, a r "flOCTaXOHHO 6jIH3Ka" K F. HCHO, HTO npH MajIt-IX r KOM- 

naKT Fr JieJKHT BHyxpH 3TOH jiHHHH ypoBHS. BocnojibsyeMCH BapHan;HOHHOH 
cJ)opMyjioH A^aMapa (cm. ||31| , iipHjioaceHHe, § 3, cjDopMyjia (3.3)]): 

1 fdg{t,z)dg{t,0,^^ , ^,_2^ 



27r drit drit 

CHHTaa, HTO ML.I npHMenaeM ee ^jih 7 = F h cJ)yHKn;HH Fpana ^Jia BHeniHOCTH 
F (^rit - e-BapHai];H5i b^^ojib HopMajiH, b ^ajiBHeHineM b nojiyHeHHbix HH>Ke 
4)opMyjiax Ha^o Gyfl^T cflfijiaTh npe^ejibHbiH nepexo^i; npn T F). 

nOCKOJIBKy Ha JIHHHH ypOBHS 

^ = G'(M)e-, 
drit 

Tjie G{t,z) = g{t,z) + ig*{t,z) - KOMHjieKCHaH (|)yHKH;H3 Fpnna h npons- 
BOflHaa 6epeTC3 ho nepBOMy apryMCHTy, to BapHan;HH (^) hs (j3opMyjiBi 
AflaMapa (03) HOJiynaeM: 



5^?(;^,C) = Re|^ J G'it,z)G'itX)hit)dt'j+Oie') 
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Cjie^oBaxejibHo, 



= Re|rRes(G'(t,.)G'(t,C)^^^^ 
Re|rRes(G'(M)G'(t,C)^^4^ 

Am(t) 



t=z 



{t,z)G'{tX) 



Re|rRes(^G' 

Rejr-i (^G'{w, z)G'{w, OA^w)^ 
G'{z,C)Amiz) G'iC,z)AmiO 



(m) 



{z - 

Ha (^) nojiynaeM, hto 



AnajiorKHHo 



5r log ■ 



Re{T—[G'{w,z)G'{wX)Am{w] 



log 



(m) 



Re<^ r— 



log] ;^ 



m! \ — w)(C — 



(45) 



(46) 



(47) 



BapHan;HH (^7]) jiorapHc|)MHHecKoro a^pa h (^6[) (|)yHKn;HH FpHHa nopojK^a- 
lOT cjie^yiomyio BapHaii,HK) 4)yHKii,HOHajia aneprHH (|15[) ^jih cTan,HOHapHoro 
KOMnaKxa 



5.J(F,A^) =£Re<je*'^^(^A^(u;) [e{\{w)Y + {KAw)y 

dX{x) 



(m) 



(48) 



r^e 



'^\,f{w) = / G{w,x)dX{x), 



I E w — X 

T = ee**^ - KOMnjieKCHbiH napaMexp. B cHJiy cTan;HOHapHocTH (|41|) KOMnaKxa 
F HMeeM: 6rJ{F, Xp) ^ npn Bcex ^ocxaxoHHO Majibix r. HosxoMy h3 (48) 
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nojiynaeM 

(m) 



AM[0{K^)) +{KFi^)) ] ] =0. (49) 

CjieflOBaxejibHo, 

A^{w) [e(X{w)Y + {%^F{w)f] = Bm-i{w), (50) 

r^e -Brra-i ^ nojiHHOM cxeneHH ^ m — 1. Henocpe^cxBeHHo h3 (^Up BbiTeKaex 
cjie^^yiomee cooxHomeHHe CTan;HOHapHoro KOMnaxTa F G Ji(ff h cooxBeT- 
CTByiomeii paBHOBecHoii Mepbi A = (c HOCHxejieM na oxpesKe [—1,1]): 

e(x(w)f + (wu^)f ^ (51) 

a fljia rpHHOBa noTeHii,Hajia cTaii;HOHapHoro KOMnaKxa F HMeeM: 



(nyxb HHTerpHpoBaHHH b (|5^ He nepeceKaex oxpesoK i?). Hs (p^) BbixeKaeT 
cnpaBe^jiHBocTt. yxBepjKfleHHH jieMMbi, b tom hhcjic - S'-cbohctbo KOMnaxTa 
F: 

dG p dG p , s _ 



dn^ dn. 

JleMMa 1^ flflKasana. □ 

SaMenaHHe 1. 1) Otmcthm, hto yxBep^K^eHHa jieMMbi ^ cnpaBe^jTHBti npn 
JI1060M 3HaHeHHH napaMexpa ^ ^ (b cJiopMyjie ^jia (|)yHKn;HOHajia 3Hep- 
THH J{fJ.;9) = j\9V^{z) + Gp{z)) dfi{z)) npn ycjioBHH, hto cTaij,HOHapHt>iH 
KOMnaKT F = F{6) G J^f cyiu,ecmeyem. 

2) IlocKOJibKy F ^ 00, TO Henocpe;];cTBeHHo h3 (|50D BbixeKaex, hto Bm-i = 
Brn^2, me degBm-2 ^ m - 2. 

3) HaKOHeu,, npn 6 = us (p2]) nojiynaeM 



G^z) = £^ 9Fiz, x) d\{x) = Re £ W dC- (53) 
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HpHBe^eM xenepb xapaKTepnaai^Hio KOMnaKxa F = F{1) c noMombio fl^Bj- 

JIHCTHOH pHMaHOBOit HOBepXHOCTH, npH 3TOM OKaJKCTCa, HTO COOTBeTCTByiO- 

in;aH nocToaHHaa paBHOBecHH w = wp paBHa nocToaHHoii PoGena kom- 
naKTa F^^\ 

HycTb K G Jt^f - npoHSBOjiBHbiH ;];onycTHML.iH KOMnaKT. OnpeflfijinM pn- 
MaHOBy noBepxHOCTb UK ypaBHenneM w"^ = z"^ — 1, nojioJKHM D\ = ^H^^-* U 
9^'-^'' U r, r^e r - saMKHyxBiH n;HKji na D\, npoxoflsmHH nepea tohkh ±1 

H COOTBeTCTByiOmHH OTpeSKy [—1,1] npH KaHOHHHeCKOM npoeKTHpoBaHHH, 

^R'^^^ - nepBtm (otrpbitbih) jihct pHManoBii noBepxHOCTH, 9^*^^^ - BTopoft 
jiHCT. riycTb (j3yHKn;Ha u{z^^^) = G'^{z), z^^^ G ^R^^\ Tor^a hs ycjioBHH 

paBHOBeCHa H CHMMexpHH OTHOCHXejIBHO BemeCTBeHHOH OCH BblTCKaeT, HTO 

4)yHKii;Ha u rapMOHHHecKH npo;];oji>KaeTC3 na BTopofi jihct 9^*^^^ pHManoBit 
noBepxHOCTH (|)opMyjioH u{z^'^^) = w ~ V'^{z). HojiyHeHHaH (|)yHKn;Ha u{z), 
z G 5K, o6jia;];aeT cjie;];yioiri;HMH CBoilcTBaMH: u - rapMOHHHecKaa (|)yHKij,H3 na 
91 \ (K^^^ U {oo*-^-*}), B TOHKe z = oo^^) 4)yHKn;HH u HMeex jiorapH(|)MHHecKyio 
oco6eHHocTb, u(z) = npH z G K^^\ Cjie^^oBaxejibHo, u{z) = (yfj^(i) (z, oo*^^-*) 
- (|)yHKn;H5i FpHHa o6jiacTH D = y{\ K^^^ c oco6eHHocTbio b GecKoneHHO 
yflajieHHoii xoiKe z = oo^^-*, wk = T*-^^ - cooTBexcTByiomaji nocTOHHHaH Po- 
Gena, c{K) = e"""^ - cmkoctb MHoacecxBa K^^^ (na 9^ oTHocHxejiBHo tohkh 
z = oo^^-*). TeM caMbiM sa^ana ( |30D o MaKCHMyMe nocTOHHHoli paBHOBecna 
Wk b Kjiacce K G aKBHBajieHXHa sa^ane o MHHHMyMe eMKocxH c{K) 

B 3TOM KJiaCCe. CoOTBeTCTByiOmHH SKCTpeMajIBHbm KOMnaKT F^^^ aBJIHCTCa 
KOMnaKTOM MHHHMajIBHOH CMKOCTH (na 9^ OTHOCHTejIBHO TOHKH Z = OO^^^), 

onpe^ejiHexcH o^HosnaHHo h Bnojine xapaKxepHsyexca S'-cbohctbom: 
9n I dn_ ' ° 



CM. 



4^-|^3|, 1151 )• B CHjiy onpe^ejieHHH cJ)yHKn;HH u, cooxHomeHHe (|54[) 3k- 
BHBajieHTHo S'-cBOHCTBy (^). TeM caMbiM, F = F n Gp{z) = 0) 
npH z E C \ E, T.e. cTaij;HOHapHt.iH b cmbicjic sKCTpeMajibHoii aa^anH (^I|) 
KOMnaKT F coBna;];aeT c oGpasoM KOMnaKxa nixajia. 
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4 ^OKasaxejibCTBO TeopeMbi g 



IlepeHfleM xenepb Henocpe^CTBeHHO k HsyneHHio cxo;];hmocth (HejiHHeHHbix) 

Ann. 

HpnBejieM cHanajia HeKOToptie Heo6xo;];HML.ie hem cBoflcTBa oGmHx no- 
jiHHOMOB Oa6epa, cooTBexcTByiomHx npoH3BOJit>HOMy KOHXHHyyMy E <^ C 

(cm. m). 

riyCTb il^ - npOHSBOJIBHBIH KOHTHHyyM B C, He pasGHBaiOmHH njIOCKOCTb 

H He Bbipo>K^aion];HHC5i b xoHKy, Q = C \ E. Hojiojkhm w = ^{z) - (JjyHK- 
n;H5i, KOH(|)opMHo (h o^hojihctho) oToGpajKaiomaa o6jiacTB Q na BHemnocTb 
e;i,HHHHHoro Kpyra {w : |w| > 1} Tax, hto $(cxd) = cxd, $'(cxd) > 0, $: 1] — >■ 
{w : \w\ > 1}, z = "${10) - o6paTHaa 4)yHKii;H5i. JXjis npoHSBOJiBHoro p > 1 
nojioJKHM Tp = {z : \^{z)\ = p} - jihhh3 ypoBH3 OToGpaJKaiomeH (|)yHK- 
ii;hh $, Dp - BHyxpeHHOCTb KpHBofi Tp, Di := i?. Tor;];a nojiHHOMbi OaGepa 
= i?) onpe;],ejiaioTca no 4)opMyjie 

M^) ■■= TT- / -r^dC zeDp, p>l (55) 

($n(-2) ^ rjiaBHaa nacxb pasjiojKeHHa (|)yHKii,HH $"(z) b pa^ Jlopana b 6ec- 
KOHeHHo y^ajieHHOH xoHKe z = 00). 

Hs ( |55D BbixeKaex, hxo $„(^) = $"'(-z)(l + o(l)), n 00, jioKajitHo 
paBHOMepHo B Q. Cjie^oBaxejiBHo, cymecxByex 

lim |<l>„(z)|^/" = |$(z)|, zGfi. (56) 

n—^oo 

Hs ( |55| ) H ( |56D jierKO Bbixexaex, hxo ecjiH c|)yHKn;H5i / - rojioMopcjDHaH na E, 
f G J^{E), TO f pasjiaraexcH b pa^i, Oa6epa (cp. (|l])) 

00 

/(z) = ^Cfe$fe(2;), Cfc = Cfc(/), (57) 

k=0 

cxofl5iin;HHC5i K / jioKajiBHo paBHOMepHo B KaHOHHHecKoil o6jiacxH Do{f) : = 
^Po(/)> r^e 

^ = IS^ |cfc|i/^ < 1; (58) 
Po{j) 
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oGjiacTb Do(/) - MaKCHMajibHaa KaHOHHHecKaa o6jiacTb rojioMopcJ^HocxH (|)yHK- 

^HH /. 

B Kjiacce 4)yHKn;HH Jf{E) cxan^^apTHbiM o6pa30M onpeflfijinu (jiHHefl- 
Hbitt) onepamop 0a6epa U : J^{E) — Jif{3), ID) := {w : \w\ < 1}, no 4)op- 
Myjie 

oo 

U{f){w) = Y,c,w', (59) 

oo 

Tjie f G J^{E) 3a;],aHa pasjioaceHneM /(-z) = X] Ck^''{z). B CHjiy (jS^) 4)yHK- 

^ fc=o ^ 

^Ha f = U{f) e ^(ro), npn 3TOM po(/) = -Ro(/), r^e Rq - pa^nyc rojio- 
Mop(|)HOCTH cooTBexcTByiomeH (|)yHKn;HH. TeM caMbiM U: Jif{E) — )• Jif{]D)). 
Hexpy^Ho BH^exb, hto oxo6pa>KeHHe U orpaHnneHHo, GneKXHEHo h cnpaBe^i;- 
jiHBa cjie^yromaa (|)opMyjia o6paiii;eHHa 

f(z) = U^\f)iz):=^ [ l^^^dC, ZED,, l<p<po(/). 

(60) 

JIjlS npOHSBOJIBHBIX 71,771 G Nq nOJIOJKHM ^n,m{E) = Mn,m H J€'{E), 
^n,m{P) = ^n,m H Jif{3). /],JT5I npOHSBOJIBHBIX (|)HKCHpOBaHHt.IX m G N H 

p > 1 o6o3HaHHM nepes ^m{Dp) Kjiacc (|)yHKn;HH / G Jif{E), flonycKaiomHX 
MepoMop(|)Hoe npo;];oji>KeHHe b KaHOHHnecKyio o6jiacxb Dp h HMeiomHX xaM 
poBHO^ 771 nojiiocoB; aHajiorHHHbiM o6pa30M onpe^ejiaexca h ^m{Kp) f\Jiii 
/G jr(D), rfle Kp = {w: \w\ < p}. 

CnpaBefljiHBo cjie^yiomee yxBepjK^eHHe (cm. 
CBOHcxBax onepaxopa OaGepa. 

JleMMa 3. Onepamop 0a6epa U omoBpaoicaem: 

1) npu 71 ^ 717 — 1 MHOOfcecmeo Mn,m{E) AUHCUHO u esauMHO odnosHan- 
Ho na MHOOicecmeo ^ri,m(0), npuueM moHKa zo fieAfiemcH tioakicom npam- 
Hocmu p ^ 1 (pyuKuuu r{z) G Mn,m{E) mosda u moJihKo mosda, Kosda 
moHKa Wo = ^{zq) mAnemcH uoawcom mou Mce KpamHocmu /i cf)yHKU,uu 
R(w) = U{r){w) G^„,„(l); 

2) MHOCHcecmeo ^m{Dp), p > 1, auhcuho u esauMHO odnosHauHO na 
MHOOfcecmeo ^rn{Kp), npuHCM moHKa Zq fieAfiemcfi uoawcom KpamHocmu 
p ^ 1 (fiyHK%uu f{z) G ^m{,Dp) mozda u moAt>Ko mozda, Kozda mouKa wo = 
$(2:9) RBAHcmcfi noAwcoM mou Mcc KpamHocmu p cf^yHKu^uu f (w) = U{f){w). 

^KaK oSbiHHO HyjiH ii nojnocbi 4)yHK]j;HH CHHTaroTCH c y^^CTOM hx KpaTHOCTeii. 
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a xaKJKe 



10 



1) 
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3Ta npocToe yxBepjK^eHHe BnepBtie 6t.ijio ccJ^opMyjinpoBaHo b ||51|| (cm. 
TaKJKe [0). Hoa^Hee 3th cBoficxBa onepaxopa Oa6epa h BbixeKaiomHe h3 
HHX cjie^cTBHa (b TOM HHCjie, anajior TeopeMbi MoHxeccy) 6bijiH nepeoTKpt.1- 



TL.I ;i,pyrHMH aBTopaMH ||2^, [p5| . 

Bt.1meyKa3aHHL.1e cBOHCTBa onepaxopa Oa6epa HOHa^oGaTCH naM s^ecb 
fljiH cjiynaa, Kor;];a KOHXHHyyM E = [—1, 1], = Zh.{w) = {w + l/w)/2 

- 4)yHKLi;H3 >KyKOBCKoro, w = ^(z) = z + ^ z^ — \ h BbiGpana xaxaa BexBb 

KOpHH, HXO $(2;) ~ 1Z npH Z OO. 

2 

Hs cjie^yiomero cooxHomeHHH (cm. (|12|), onpe^ejieHHe HejiHHeHHbix AIIH) 

(/-F„)(z) = cT2„+i(z) + --- (61) 

Bbixexaex, hxo 

(/-F0(u;) = cw;2n+i^... ^ (g2) 

rfle B cHjiy jieMMbi |^ (|)yHKn;HH F„ G ^„(D). Cjie^oBaxejibHo, pai^HonajibHas 

(|)yHKn;HH Fn{w) = U{Fn){w) = [n/n]j-{w) - ^^HaronajibHaH annpoKCHMaii,H3 

00 

Hafle piijxa. ^ Ckw'' nopa;i,Ka n. 

Hexpy^Ho bh^cxb, hxo onepaxop OaGepa (b nameM cjiynae - Oa6epa- 
HeGbimeBa) coxpanaex xapaKxep ocoGenHocxeli (b nacxHocxn - BexBjienHJi) 
npH nepexo^e ox (|)yHKn;HH / k cJ)yHKn;HH / h ycxanaBjiHBaex BsaHMHO o^ho- 
3HaHHoe cooxBexcxBHe Meac^y ^onycxHMbiMH KOMnaKxaMH ^jih (|)yHKn;HH / 
H / (3aflaHHL.ix B njiocKocxH H cooxBexcxBCHHo). Cjie^oBaxejiBHO, npH 
ycjiOBHH, Hxo / G J^{oo), (jDopMyjiy ( pl]| ) mojkho 3anHcaxB b bh^c 

/(z)=i?(z) + ^£iffi^rfC, zen\E, (63) 

r^e F G J^f - 5'-CHMMexpHHHbiH KOMnaKx ^jia f,R = U~^{r), r - cyMMa 
rjiaBHbix Hacxeli (|)yHKn;HH / b C^, \ $(-F), [/] - rojioMop(|)Ha5i cocxaBjiaio- 

maH 4)yHKii;HH / b C^^, \ $(-F), h no^ ^ noHHMaexca HHxerpaji no jiio6oMy 

KOHxypy, oxBaxbiBaiomeMy F h ox;];ejiaioiri;eMy F ox xohkh z h oxpe3Ka E. 
AnajiorHnHoe (p3| ) npe;i,cxaBjieHHe cnpaBe;i,jiHBo h fl^jis ;];HaroHajibHt.ix AHH 

Fn (i)yHK^HH /. 
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Ha nepBOH xeopeMM IHxajiH (cm. ||46|| , a xaKJKe npnjiojKeHHe ^ BbixeKaeT, 
Hxo [ri/ri] J ^ / Ha KOMnaKXHbix noflMHOJKecxBax o6jiacxH \ F, rj^e F = 
- KOMnaKX lUxajia'^ ^jih (|)yHKi];HH /. Hpn sxom 

|7(m;) - [n/n] 1^/" '-^ g-'^^^^'"'"), weK mD\E, (64) 
D = \ H ^jiH Q„ - sHaMenaxejieH AH 4)yHKii;HH / HMeeM: 

—fJ'iQn) — ^ - paBHOBecHaa Mepa ^jia F. (65) 
Ha npHBe;];eHHOH jicmml.! |] h cooxHomeHHH (^T])-(|^) Bbixexaex, hxo F„ / 

Ha KOMHaKXHblX HO;i,MHO>KeCXBaX o6jiaCXH Cz \ F, HpH 3XOM B CHJiy (^4|) H 

paBCHcxBa G';^(2;) = (/^(^(z), 0), z E C\E, HMeeM 

\fiz) - F„(^)|i/" ^-^ e-2^^(^), zeK<^D, (66) 

H BCe HyjIH HOJIHHOMOB Sa HCKJIIOHeHHeM o{n) H3 HHX HpHX3rHBaiOXC5I 

K KOMHaKxy F. CxoflHMocxb flHaroHajiBHBix AHH (|)yHKn;HH / ^oKasana. 
OxMexHM, Hxo H3 CKasaHHoro Bbime Bbixexaex e^HHCXBeHHOcxb ^Haronajit.- 
Hbix AHM (ho cooxBexcxByionieH HO^HOcjie^oBaxejibHocxH) ^jia ^ocxaxoHHO 

GOJIBHIHX n. 

3 

^OKajKeM xenept. yxBep^K^enna o npeflejiBHOM pacnpe^ejieKHH nyjieli Qn h 
xoHeK HHxepnojismHH. 

HxaK, nycxB HejiHHeiiHaa AHM F„ cymecxByex npn Bcex n ^ no, npn- 
Ha;];jie>Kairi;Hx neKoxopoli GecKoneHHOH nocjie^oBaxejiBHocxH A C N, h F„ e 
Jif{E). Bee ^^ajibHeflniHe paccyac^^enHH 6ypyT npoBo;];Hxca xaKHX n. 
Hs (|Tl|) nojiynaeM cjie^^yiomne cooxHomeHHH opxoroHajibHocxH: 

/ (/ - F,)ix)Tkix) dT{x) = 0, A; = 0, 1, . . . , 2n. (67) 
Je 

OyHKii,HH f ]A Fn Beiri;ecxBeHH03HaHHL.i Ha E. HosxoMy hs cooxHomeHHH (|67D 
Bbixexaex, hxo pasHocxb f — Fn o6pan];aexcH b nyjib na E no-KpaflHefl Mepe 

•^Bojiee TO^^HO, KOMnaKT IIlTajia ecTt MHOJKecTBO S — {z : 1/z ^ F} h onpeflejiaeTCH 

OTHOCHTCJIbHO GeCKOHCHHO yflRJieHHOH TO^^KH. 
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B (2n + 1)-H TOHKe. HyCTb U}2n{z) = 2;^"-+^ + ■ ■ ■ - nOJIHHOM C HyjISMH B 3THX 
TOHKaX. HOJIOJKHM F„ = Pn/Qn, TOPfla HMeCM: cJ)yHKn;H5I {Qnf — Pn)l^2n 

rojioMop(|)Ha Ha E. HycTb s - nojiHHOM (jDHKcnpoBaHHofi cxeneHH m c e^H- 
HHHHbiM cTapniHM K03(|)(j3Hn;HeHTOB, HacTb Hyjieil KOToporo coBna^aeT c no- 

JIIOCaMH (|)yHKIJ,HH f B D = <C \ F 'R HMeeT KpaTHOCTb, paBHyiO KpaXHOCTH 

cooTBexcTByiomero nojiioca. KpoMe Toro, Gy^eM CHHTaxb, hto cpe^H nyjiefi 
s co;];ep>KaTC5i Bce tohkh BeTBjieHHa 4)yHKn;HH / c xaKoft KpaTHocTbio, hto 
(|)yHKn;H5i s-A/ = s-(/+ — /_) - nenpepbiBHa na F; a^ecb h ^ajiee nepea 
A/ = /+ — /_ o6o3HaHaeTca cKanoK (|)yHKn;HH / na pyrox, cocxaBjiaiomHx 
KOMnaKT F. 5IcHo, hto s - BemecTBeHHbiH nojiHHOM, He HMeiomHii nyjieit 
Ha E. OyHKrtHH s{Qnf — Pn)/^2n rojioMop(|)Ha B D. Tenepb cxaHflapTHbiM 
cnocoGoM (cm., nanpHMep, [|T^, nojiynaeM cjieflyiomHe cooTHomenHa: 

(f ^2n(^) 1 i Qn{t)q{t)s(t)f{t)dt 

[j - Fn)[z) = r> f \ t \ t \o ■ r 77v7 ^ ' z e D, (68) 

Qn{z)q{z)s{z) 2m Jp U2n{t){t - z) 

/ vnw \)J\) A; = 0,l,...,n-l-m, m = degs, (69) 

Jp 0J2n[t) 

1^'^"'^^'^^ Qn{x)q{x)s{x)\^fp U2n(t)(t-X) j*^^*^^) ^' ^ 

(70) 



rjxe KaK h Bbime no^i; J) noHHMaexca HHTerpaji no jiioGoMy KOHTypy, oxBaTbi- 

BaiomeMy F h oT^eji5iioin;eMy F ot tohkh z h oxpesKa E, q - npoHSBOJiBHbiH 
nojiHHOM cxeneHH ^ n — m. Tax KaK (|)yHKn;Ha s ■ Af nenpepbiBHa na F, 

TO B cooTHomennax (^S])-(^) ot HHTerpajia ^ mojkho nepeflTH k HHTerpa- 
jiy , a f{t) saMCHHTb na A/(t). KpoMe Toro, bmccto nojinnoMa q b 3th 



F 



COOTHOmeHHS MOJKHO HO^^CTaBHTB nOJIHHOM Qn, KOTOpblH OTJIHHaeTC3 OT Qn 
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coMHOJKHxejieM, cxeneHb Koxoporo ^ m. TaKHM o6pa30M, nojiynaeM 

(71) 

fM)Ml^^O, k^O,l,...,n-l-m, (72) 

Jf ^2n{'t) 

Qn{x)Qnix)s{x)\JF UJ^m ~ x) j ^> ' ' ' 

(73) 

B cHjiy ( |66D cnpaBefljiHBo cooxHomeHHe 

|/(^)-F.(^)r/2"^-^e-^^(^). (74) 

TaK KaK Bce nyjiH nojiHHOMa uj2n Jieacax na oxpesKe xo (nepexofla npn 
HeoGxo^HMOcxH K no^nocjie^OBaxejibHocxH) HMeeM: 

|u;2n(^)r/'"^e-^''^(^) (75) 

jiOKajiBHO paBHOMepHO B C\-E, Tf\e fi^ G Mi{E). HocKOJibKy hohxh Bce nyjiH 
nojiHHOMOB Qn H Qn (xpoMe o{n) H3 HHx) npHxsrHBaioxcii K KOMnaKxy F, 

TO 

|Q„(^)|i/" e-^'''^^), |gn(^)r/" '-^ e-^'"'(^), z G C \ F, (76) 
r^e /ig G Mi(F). Cjie/i;oBaxejibHO, h3 ([74D-([76|) nojiynaeM: 

V^"^{z)-V^-{z) + V{z) = GUz), zeC\{EUF), (77) 

rfle 



V{z) := lim log 



Qn(t)Qn(t)s(t)A/(t) dt 



F 



l/2n 



(78) 



W2n(i)(i - Z) 

OyHKii;H3 V - rapMOHHHecKaa bhc E U F m cy6rapMOHHHecKa3 na E. Ha 
cooxHomeHHS paBHOBecna ([77| ) Bbixexaex, hto pasHocxb V — V^"^ nenpepbiB- 
Ho npoflOJiJKaexcH na E. IloxeHrtHaji V^"^ - cyneprapMOHHHecKaa 4)yHKLi;H5i 



35 



Ha E, TCM caMMM V^'^ nojiynenpepbiBHa cHHsy na E. OyHKi^Hs V nojiyne- 
npepbiBHa CBepxy na E n OTjiHHaexcH ox V^'^ na nenpepbiBHyio (|)yHKii,HK). 
Cjie^OBaxejiBHO, o6e (|)yHKij,HH V h V^'^ Henpept.iBHL.1 na E. Tenepb yace h3 
cooxHomeHHa (|73D , Hcnojibsya Bein;ecxBeHHocxb Bcex Bxofl,sm;ax b sxo cooxho- 
meHHe cJ)yHKij,HH, cxan^^apxHbiM MexoflOM paGoxti nojiynaeM cjieflyiomee 
cooxHomeHHe paBHOBecHH na E: 

-2V>'- (x) + (x) + V{x) = const, x e E. (79) 

Hs cooxHomeHHH (^7|) h (|7Up Bbixexaex, hxo 

\/^"(x) + G^{x) = const, X e ^. (80) 

Cjie^oBaxejiBHo, b cnjiy ycjioBHit paBHOBecHH (p^) HMceM: 

\/''"(x) = F^(x) + const, X e E, /x^, A e Mi(E). 

Oxcio^a nojiynacM, hxo fi^^ = X. 

HaKOHcn;, BocnojibsycMca cooxHomenHsiMH opxoronajiBHocxH ([7^). Ha S- 
CBOHcxBa KOMnaKxa F n paBcncxBa fj^uj = X Bbixexaex, hxo mbi Haxo;i,HMC3 b 
ycjioBHHx oGmeH xeopcMbi 3 pa6oxt>i . Henocpe;],cxBeHHo h3 sxoh xeopeMbi 
fljisi paccMaxpHBacMoro 3;i,ecb nacxHoro cjiynaa ip{z) = —V^{z) Bbixexaex, 
Hxo fiQ = X - BbiMexaHHc Mept.i A na F, a ^(z) = const. 

Ha cKaaaHHoro Bbime Bbixexaex, hxo cooxHomeHna 

1 1 ~ 

— /i(w2n) ^ A, -/i(Q„) ^ A (81) 
2n n 

HMeiox Mecxo ^jia jiioGoh noflnocjie^oBaxejiBHocxn A C N. Cjie^oBaxejit.- 
Ho, A H A - e^HHcxBeHHbie npeflejiBHbie xohkh j^jis nocjie;];oBaxejit.Hocxeit 

HOpMHpOBaHHblX MCp f^{uJ2n) H — /^(Qn) COOXBeXCXBCHHO. TcM CaMBIM BCe 

2n n 
yxBepjK^eHHsi xeopeMbi 2 ^oKasanbi. 



5 npHjio:»ceHHe: xeopeMbi Illxajia 
1 ITepBaa TeopeMa UIxajiH 



Hycxb (J)yHKii;Ha / G ^(oo) sa^ana b xohkc z = oo cxoflamHMCH pa^oM 
Jlopana 

oo 

Ck 
Z^ 



/(-) = Et^- (82) 



fc=0 
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ripe^nojiojKHM, HTO cymecTByex KoneHHoe nenycToe MHOJKecxBO tohck E C 
C TaKoe, HTo 4)yHKii;H5i / npoflOJiJKaexcH h3 oKpecTHocxH GecKoneHHo y^a- 
jieHHOH TOHKH HO jiioGoMy nyxH, jiexcameMy b C \ S, h / ^ ^{C \ S). B 
xaKOM cjiynae 6y;i,eM nHcaxB / G s^ooi'C \ S). 

05o3HaHHM Hepes [n/n]f ^HaroHajibnyio annpoKCHMaii;Hio Hafle 4)yHKii;HH 
/ (b TOHKe z = oo): [n/n]f = P„/Q„, r^e deg P„, deg Q„ ^ n, ^ r 
BbinojiHaeTCH cooTHomeHHe 

(Qnf - Pn){z) = O (^-^y Z^OO. (83) 

^jiH npoH3BOjiBHoro KOMnaKxa K G C nepes Dk o6o3HaHHM CBaanyio 
KOMnoHeHxy ;];onojiHeHHa k K, co^^epjKamyio xoHKy z = oo. HycTb - 
ceMeflcTBo KOMnaKTOB K G C xaKHx, hto o6jiacTb Dk peryjiapna othoch- 
xejiBHO pemeHHSi sa^anH /],HpHXjie h / ^onycKaex MepoMopcJiHoe (o^HOSHan- 
Hoe anajiHTHHecKoe) npo^ojiaceHHe h3 OKpecTHOcxH tohkh 2; = oo b o6jiacTt> 
Dk- f € ^{Dk)- KoMnaKTBi K G Sy^eM nastiBaTB ^onycTHMbiMH ^jia 

4)yHK^HH / G <o(C\S). 

Hepea ^{Q) o6o3HaHHM Mepy, accon;HHpoBaHHyio c npoHSBOJiBHtiM nojin- 

HOMOM Q: 

C:Q(C)=0 

Tj\e 5c_ - Mepa ^npaxa c HocHTejieM b tohkc C,. 

Cjie^yiomHH pesyjibxax o cxoj\mAOCTa ;];HaroHajibHbix annpoKCHMaiJ,HH 



ria^e npHHa^jiejKHT V. IIlTajiio p3|- 



IlepBaa TeopeMa IIlTajia . nycmb f G \ S). Tosda 

1) cyinecmeyem eduHcmeeHHuu KOMnanm F = F{f) maKou, nmo F G 
Jiff u 

cap F = mill cap K, (84) 

KOMnaKui F cocmoum us kohchhozo hucau KycoHHO-anaAumuHecKux dye u 
we pasBueaem nAOCKOcmt; 

2) Bar HyAeu Qn (snaMeHameAeu pau^uonaAbHux (pyHKU^uu [n/n\f) cnpa- 
eedAueo npedeAbuoe coomHomeHue: 

-fJ'iQn) Af, n ^ 00, (85) 
n 
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dde Xp ^ (eduHUHuafi) paenoeecHasi Mepa KOMnanma F, cxoduMocmb Mep 
noHUMaemcfi e CAa6ou monoAoeuu; 

3) nocAedoeameAhHocmb [n/n]f cxodumcR no CMKOcmu enympu (na kom- 
naKuiHux nodMHOCHcecmeax) o6Aacmu D = C \ F k cfjyHKii^uu f : 

|/(z)-[n/n]y(z)|'/"^e-29^(^)<l, zeK, KcD, (86) 

gpiz) = gp^z, oo) - (^yuKyusi Ppuna Jah o6Aacmu D c oco6eHHOcrm>m e 
6ecK0HeHH0 ydaAeuHou moHKe. 

Otmcthm, hto o6jiacTb D HBjiHexca o6jiacTbio MaKCHMajibHoii cxo^hmo- 
CTH annpoKCHMan;HH Ha^e c|)yHKi];HH /; cKanoK Af{() = — / )(C)) C ^ ^) 
(|)yHKii;HH / Ha jiioGoh OTKpbiTofi ;i,yre i G F OTjinneH ot TO>K;i,ecTBeHHoro 
HyjiH: A/(C) ^ 0, C e £. 

CooTHomeHHe (^61) osHanaex cjie^^yiomee: Oasi awBozo KOMnanma K (£ Df 
u A}o6o2o HucAa e > naudymcsi nojuep tiq = uqIK, e) u hucao S = S{K, e) > 
manue, umo npu ecex n ^ tiq cnpaeedAueo coomHomeHue: 

(87) 

Hs ([87|) yjKe jierKO cjie^^yex, hto Kaotcduu noAwc a (pyuKyuu f e o6Aacmu 
D KpamHocmu z/(a) ^ 1 npummueaem npu n — ?■ oo no-Kpauneu juepe z/(a) 
noAWCoe payuonaAbHou (fiyuKyuu [n/n]f. 

Mexofl IHxajia ocHOBan na tom, hto sKcxpeMajiBHtm KOMnaKx F (cm. (P^)) 
siBjiaexca coBOKynnocxBio saMtiKaHHli KpnxHHecKHX xpaeKxopHH neKoxopo- 
ro KBa^paxHHHoro ^H(|)(|)epeHii;Hajia, cocxohx hs KoneHHoro HHCJia KycoHHO- 
anajiHXHHecKHX ^yr, He paaGnBaex njiocKocxb h Bnojine xapaKxepnsyexca 
cjie^yiomHM CBOHCXBOM S'-CHMMexpHH (hjih S'-cbohcxbom) : 

a = a ' ^ ^ ^0, [oo) 

Fq - coBOKynHocxb oxxptixbix anajiHXHHecKHX ^yr, cocxaBjiaiomHX F, dn± - 
npoHSBO^HBie no HopMajiH c npoxHBonojioJKHbix cxopoH Fq . Cbohcxbo Heorpa- 
HHHeHHOH npo;];oji>KaeMocxH 4)yHKn;HH / b C \ S ne cymecxBCHHo; Baacen 
jiHinb xox (|)aKX, hto f HMeex "npaBHjiBHbiH" CKanoK na neKoxopoM KOMnaK- 
xe F, y^oBjiexBopaiomeM ycjiOBHio (^Hl). 

KoMnaKXbi, o6jiaflaioiu;He xcm hjih hhbim S'-cbohcxbom, nacxo BosHHKaiox 
B pasjiHHHbix sa^anax xeopnn aHHpoKCHMan,HH h reoMcxpHnecKOH xeopnn 
4)yHKii;HH. 
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B HaCTHOCTH, CBOfiCTBOM CHMMeTpHH oGjiaflaiOT 3KCTpeMajIbHt.ie KpHBbie 

n;ejioro pa^a KjiaccHHecKHx 3KCTpeMajit.Ht.ix aa^an reoMexpHHecKOH xeopHH 

4)yHKII,HH; B 3TOH TCOpHH 3KCTpeMajIt.Ht.ie KpHBbie o6t.IHHO OHHCblBamTCa KaK 



xpacKTopHH HCKOToporo KBa;],paTHHHoro ^^HcJicJiepeHttHajia (cm. [|TT|, ||32| , 

Hi)- 

riepBaa xeopcMa lUxajiH ^oKasbiBaexcH no cjie^^yron^eH cxeMe. BnaHajie 
Ha ocHOBe ;];ocxaxoHHo npocxbix reoMexpHnecKHx cooGpajKenHfl (cp. jieMMajlD 
ycxanaBjiHBaexcH, hxo cytu;ecxByex ^onycxKMbiii KOMnaKX F G J(ff xaKoii, hxo 

cap F = min cap K. (89) 

3axeM c noMoto;i3K) BapHati;HOHHoro ueTOfl^a ;];oKa3t.iBaexc3, hxo F aBjiaexca 
aaMbiKaHHCM kphxrhcckhx xpaeKxopHfi HCKoxoporo KBa^paxHHHoro ;];H(|)(|)e- 
peHttHajia. Oxcio;];a yxce BbixcKaex S-cbohcxbo (PB]). Henocpe^^cxBCHHo na 
ocHOBc 3xoro S'-CBoficxBa ycxanaBjiHBaexca npe^ejii^Hoe cooxHomeHne (^51) 
fljis HopMHpoBaHHt.ix sHaMeHaxejiefi flHaroHajiijHt.ix annpoKCHMati;HH Ila^e 
[n/n\f. CooxHomeHHe (^) Bjienex cxo^hmocxij no cmkocxh nocjie^OBaxejit.- 
nocxH {['^Z'^]/} K cJ)ynKn;HH / Bnyxpn (na KOMnaKxnt.ix no^MHOJKCcxBax) 06- 
jiacxH D. E^HHCXBennocxij KOMnaKxa F, y^oBjiexBopaiotLi;ero ycjtoBnro (pQ]), 

BblXCKaeX H3 CXO;i,HMOCXH (^). 

CooxHomenne (BSl) 3KBHBajienxHO cooxnomennK) 



|<5„(2)P^" ^Ce^'^^"'~\ zeD, C = capF, (90) 
r^e cxapniHH K03(|)(|)Hti;HeHx nojinnoMa Qn paBen eflHHHti,e. 



2 BxopaH TeopeMa IIlTajiH 

Hycxij E - npoH3BOJit.Ht.iH o^nocBaanbiH KonxnnyyM b KOMnjicKcnoH njioc- 
KocxH C, (|)ynKn;H5i / rojioMopcJina na E, f ^ J^{E). Hpe^nojiojKHM, nxo 
cytu;ecxByex nenycxoe Konennoe MnoacecxBO xoncK S C C xaKoe, nxo 4)ynK- 
n;H3 / npo;];oji>Kaexca c KOMnaKxa E no jiioGoMy nyxn, ne nepeceKaiotti;eMy 
MnojKccxBO S, H / ^ ^(C\S); b xaKOM cjiynae Gyjieu nncaxt. / G i2^£;(C\S). 

05o3nanHM nepe3 Rn = Pn/Qn nanjiynmyio paBnoMcpnyro pan,Honajib- 
nyio annpoKCHMati;Hio 4)yHKti;HH f na E b Kjiacce - pan,HOHaj[t.Ht.ix 4)yHK- 
ti;HH BHfla r = p/q, degp, degg ^ n, q ^ 0: 

11/ - RuWe = min 11/ - r\\E, 
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II ■ 11^; - sup-HopMa Ha E. 

JJ^jis npoHSBOJibHoro KOMnaKxa K C C \ E nepea Dk oGosnanHM cbss- 
Hyio KOMnoHeHxy ^onojiHeHHH k K, co;];ep>Kairi;yio KOHXHHyyM E. HycTb J^f 

- ceMeficTBo KOMnaKTOB K xaKHx, hto K C C \ E, oGjiacxb Dk pery- 
jiHpna oTHocHxejiBHo pemeHHs aaflann /^npaxjie h / ^onycKaex MepoMopcJ)- 
Hoe (oflHosHaHHoe anajiHTHHecKoe) npo;];oji>KeHHe c KOHTHHyyMa E b Dk'- 
f G ^{Dk)- KoMnaKTbi K G J^f 6yfleM HasBiBaxb ;i,onycTHMbiMH fljia (|)yHK- 

^HH/Gi^4(C\E). 

^jia npoH3Bojit.Horo KOMnaKxa K G C\E xaKoro, hto o6jiacTt. Dk pery- 
jiiipna OTHOCHxejiBHO pemeHna aa^ann /InpHXjie, h nponsBOJiBHOH nojioJKH- 
xejiBHOH Mepbi /i c HocHxejieM na E nojiojKHM 

G'k{^) = I 9k{z, rf/i(C), zeC\{EUK), 
Je 

- rpHHOB (oTHocHxejiBHo K) noxeHi^Haji Mepti /i, QkIz, C) ^ (|)yHKn;H5i FpHHa 
fljis o6jiacxH Dk- Hepes Jl o6o3HaHHM BtiMexaHne Mepbi /i h3 o6jiacxH 

Ha K. 

Hepes yu(Q) o6o3HaHHM Mepy, accon;HHpoBaHHyio c npoHSBOJiBHbiM nojin- 

HOMOM Q: 

C:Q(C)=0 

r^e - Mepa J^npaKa c HOCHxejieM b xohkc (- 

Cjie^^yiomHH peayjibxax o cxo^hmocxh HaHJiyHiiiHx paBHOMepHbix paij,Ho- 
HajiBHbix annpoKCHMaii;HH (|)yHKii,HH / G j^e{'C \ S) npHHa^jieacHx F. Illxa- 

jiio m-M- 



BTopaa TeopeMa IIlTajia . Uycm'b f G =e/^(C \ S). Tozda 

1) cyinecmeyem eduHcmeeHHUu KOMnaKui F = F{f) G J^j manou, umo 

cap (E, F) = min cap (E, K), (91) 

2(?e cap(-E,fr) - eMKocmb KondeHcamopa {E,K); KOMnanm F cocmoum U3 
KOHCHHoso HucAa KycoHHo-aHaAumuHecKux dye u ne pasBueaem njiocKocmh; 

2) Bar HyAeu noAUHOMa Qn (sHaMenameAfi pav^uonaAhHou (pyuKv^uu Rn) 
cnpaeedAueo npedeAhuoe coomHoiueHue: 

-fJ'iQn) -> A, n-^ oo, (92) 
n 
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dde A paenoeecHasi Mepa ( c HocumeAeM na E) Bar spuHoea nomcHv^uaAa kom- 
nanma F , Gp{z) = const na E, X - euMemanue Mepu A na F , cxoduMocmh 
Mep noHUMaemcH e CAaBou monoAosuu; 

3) nocAedoeameAhHocmh Rn cxodumcfi no eMKOcmu enympu (na kom- 
nanmHux nodMHootcecmeax) o6Aacmu D = C \ F u na KOMnanmHux nod- 
MHOOfcecmeax o6Aacmu Vt = Q\{F VJ E) UMeeju: 

|/(^)-i?„(^)p/"^e-2GM-)<l, zeK, Ken. (93) 

Otmcthm, hto oGjiacTb D aBjiaexcH MaKCHMajibHofl o6jiacTbio cxofl^nuo- 
CTH nocjie^OBaxejibHOCTH CKanoK A/(^) = (/+ — f^){(), ( e i, (|)yHK- 
n;HH / Ha jiio6oii oxKpbiTOH flyre i G F oxjiMHen ox xoJKflecxBeHHoro nyjiH: 

A/(C) ^ 0, C e £. 

CooxHomeHHe ( p3|) osHanaex cjie^yioin;ee: Oaji Am6o20 KOMnanma K G n 
u AwBodo HucAa e > HaudymcH nojuep no = nQ{K, e) u hucao 6 = 6{K, e) > 
manue, umo npu ecex n ^ uq cnpaeedAueo coomHomeHue: 

^g-2GM.)-e)n ^ ^ ^^-2G^,(.)+e^n ^ ^ G \ e„, Cap e„ < 6. 

(94) 

Hs ( P^ ) yjKC jierKO cjieflyeT, hto na^tcduu noAwc a (pynKv^uu f e o6Aacmu 
Df KpamHocmu z/(a) ^ 1 npummueaem npu n — t- oo no-Kpauneu juepe z/(a) 
noAtocoe payuonaAbHou cfjyHKV^uu 

MeTOfl, Illxajia ocHOBan na xom, hxo sKcxpeMajibHbm KOMnaxx F = F{f) 
(cm. (^TJ)) HBjiHexcH coBOKynHocxbio saMBiKaHHH KpHXHHecKHx xpaeKxopHH 
HCKoxoporo KBa^paxHHHoro ^H(|)4)epeHii;Hajia, cocxohx hs KOHCHHoro HHCJia 
KycoHHO-anajiHXHHecKHX ^yr, ne pasGnBaex hjiockocxb h Bnojine xapaKxepn- 
ayexcH cjieflyiomHM cbohcxbom S'-chmmcxphh (hjih S'-cbohcxbom): 

CeF„. (96) 

Fq - coBOKynnocxB oxKpt.ixt.ix anajiHXHHecKHX ^yr, cocxaBjiaiotttHX F, dn± - 
npoHSBO^Hbie no nopMajin c npoxHBonojio>Knt.ix cxopon Fq . Cbohcxbo neorpa- 
KHHeHHoit npoflOJiacaeMocxH (|)yHKii,HH / b C \ S ne cymecxBenno; BajKen 
jinmt. xox c|)aKX, nxo / nivreex "npaBHjibnt.iH" CKanoK na KOMnaKxe F, o6jia- 

flaiOmeM S'-CBOHCXBOM ( p5|) . 

Bxopaa xeopcMa Illxajia ^oKaatiBaexca no cjie^yronien cxcmc. Bnanajie 
na ocnoBc ^ocxaxonno npocxBix reoMexpnnecKHx cooGpaxcennn (cp. jieMMajlD 
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ycTaHaBjiHBaexcH, mo cymecxByex ^onycTHMbifi KOMnaKX F G J€f xaKoii, hxo 

cap {E, F) = mill cap {E, K). (96) 

3axeM c noMombio BapHaii;HOHHoro Mexo^a ^oKasbiBaexca, hxo F sBjiaexca 
saMBiKaHHeM kphxhhcckhx xpaeKxopHH HCKoxoporo KBa^paxHHHoro ^H(|)4)e- 
peHii;Hajia. Oxcio^a yace BBixexaex S'-cbohcxbo (^3p. Henocpe^cxBeHHo na 
ocHOBe 3xoro S'-CBoficxBa ycxanaBjiKBaexca npe^ejitHoe cooxHomeHHe (p2D 
^jiH Hyjieii anaMeHaxejieii pan;HOHajibHL.ix annpoKCHMan;HH CooxHome- 
HHe (^) Bjienex cxo;];hmocxl. no cmkocxh nocjie;i,oBaxejibHocxH {Rn} k (|)yHK- 
n;HH / BHyxpH (na KOMnaKXHbix no^^MHoacecxBax) o6jiacxH D. EflHHcxBeH- 
Hocxt. KOMnaKxa F, y;];oBjiexBopiiioiu;ero ycjioBHio (0), Bbixexaex hs cxo^h- 
MOCXH (p^) . 

CooxHomeHHe (^2p SKBHBajieHXHO cooxHomeHHio 

|Q.(z)|^/"^e-^'(^), ;^GA (97) 
r;];e cxapmnfi KoscjDcjDHi^HeHX nojiHHOMa Qn paBCH ej\mmi\e. 
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Phc. 2: MaKCHMajibHbiH sjijinnc rojioMopcJiHOCTH (KpacHaa jiHHHa) 4)yHKn;HH 

f{z) = ^{z - a){z -a)+ \J{z- b){z - b){z - c), Ima,Im6 > 0, c < 0, 
H pacnojiojKeHHe nyjiefl (KpacHbie tohkh) nacTHbix cyMM Oypbe-He6t.imeBa 
S'loo H nojiiocoB H Hyjiefl (cHHHe tohkh) HejiHHeiiHt.ix annpoKCHMan,HH Ha^e- 
He6t.imeBa F^q. 

CnncoK jiHTepaxypbi 

[1] A. H. AnxeKapeB, B. F. JIbicob, J^.H. TyjiHKOB, CjiyHaiiHBie MaTpHn;bi c 

BHeniHHM HCTOHHHKOM H aCHMHTOTHKa COBMeCTHO OpXOrOHajIBHBIX MHO- 

roHjienoB, MaxeM. c6., 2011, vol 202, JYs 2, to appear 

[2] A. I. Aptekarev, A. B. J. Kuijlaars, W. Van Assche, Asymptotics of 
Hermite-Pade rational approximants for two analytic functions with 
separated pairs of branch points (case of genus 0), Int. Math. Res. Pap. 
IMRP, 2008, Art. ID rpmOOT, 128 pp 

[3] H. H. Axnesep, JIcki^hh no xeopnH annpoKCHMan;HH, M., Hayxa, 1965 

[4] Ji^K. BeiiKep, 11. FpeilBC-MoppHC, AnnpoKCHMan;HH Ila^e, M., Mnp, 
1986, 504 c. 

[5] T. Bergkvist, H. Rullgard, On polynomial eigenfunctions for a class of 
differential operators. Math. Res. Lett, vol 9, 2002,^5 2-3, 153-171 



43 



Phc. 3: MaKCHMajibHbiH sjijinnc rojioMop4)HOCTH (xpacHaa jihhhh) 4)yHKn;HH 

f{z) = ^y {z — a){z — a) + \J {z — h){z — h) + \/{z — ic){z + ic), Im a, Im 6 > 
0, c > 0, H pacnojiojKeHHe nyjiefl (KpacHbie tohkh) nacTHbix cyMM Oypbe- 
He6t>imeBa 6*100 h nojiiocoB h nyjiefl (cHHHe tohkh) HejiHHefiHbix annpoKCH- 
Maii;HH Ilafle-HeGbimeBa F^q. 



[6] J. P. Boyd, Chebyshev and Fourier spectral methods, Dover 
Publications, Mineola, NY, 2001 

[7] J. P. Boyd, Chebyshev expansion on intervals with branch points with 
application to the root of Kepler's equation: a Chebyshev-Hermite-Pade 
method, J. Comput. Appl. Math., vol 223, 2009, 2, 693-702 

[8] V. I. Buslaev, Simple counterexample to the Baker-Gammel- Wills 
conjecture. East J. Approx., 2001, vol 7, N"- 4, 515-517 

[9] B. H. BycjiacB, O rnnoTeae BeflKepa-FaMMejiH-yHjijica b Teopnu an- 
npoKCHMan;HH Ha^e, MaxcM. c6., 2002, vol 193, ^"s 6, 25-38 

[10] K. O. Geddes, Block structure in the Chebyshev-Pade table, SIAM J. 
Numer. Anal, vol 18, 1981, N'- 5, 844-861 

[11] P.M. PojiysHH, PeoMexpHHecKaH Teopna 4)yHKi];HH KOMnjieKCHoro nepe- 
MCHHoro, M., Hayxa, 1966 



44 



Phc. 4: MaKCHMajibHbm sjijinnc rojioMop4)HOCTH (xpacHaa jihhhh) 4)yHKn;HH 

f{z) = ^y {z — a){z — a) + \J {z — h){z — h) + \/{z — ic){z + ic), Im a, Im 6 > 
0, c > 0, H pacnojiojKeHHe nyjiefl (KpacHbie tohkh) nacTHbix cyMM Oypbe- 
He6t>imeBa 6*100 h nojiiocoB h nyjiefl (cHHHe tohkh) HejiHHefiHbix annpoKCH- 
Maii;HH Ilafle-HeGbimeBa F^q. 

[12] A. A. FoHHap, O cKopocTH pan;HOHajibHOH annpoKCHMaii,HH HeKOToptix 
anajiHTHHecKHx (|)yHKii,HH, MaTCM. c6., 1978, vol 105(147), 2, 147-163 

[13] A. A. FoHHap, E. A. PaxManoB, O cxo^hmocth coBMecTHbix annpoKcn- 
Maii;HH Hafle ^Jia chctcm (|)yHKi];HH MapKOBCKoro xana, Teopna Hucen, 
MaxeMaTHHecKHH anajiHs h hx npHjiojKeHHa, C6opHHK cTaxeli. HocBa- 
maexcH aKa;];eMHKy HBany MaxBeeBH^y BHHorpa;];oBy k ero k ero j^eBS- 
HocxojiexHio, Tp. MHAH CCCP, 1981, vol 157, 31-48 

[14] A. A. FoHHap, E. A. PaxManoB, PaBHOBecHaa Mepa h pacnpe^ejienne 
Hyjiefi sKcxpeMajiBHbix MHoroHjienoB, MaxeM. c6., 1984, vol 125(167), 
Ji'- 1(9), 117-127 

[15] A. A. FoHHap, E. A. PaxManoB, PaBHOBecHbie pacnpe;];ejieHH5i h cko- 
pocxB paii;HOHajibHOH annpoKCHMan;HH aHajiHXHHecKofi (|)yHKi];HH, Ma- 
xeM. c6., 1987, vol 134(176), 3, 306-352 



45 



[16] A. A. FoHHap, E. A. PaxManoB, O sa^ane pasHOBecHfl fljia BeKTopHtix 
^OTeH^HaJIOB, YMH, 1985, vol 40, JVs 4(244), 155-156 

[17] A. A. FoHHap, F. Jlonec JlaroMacHHO, O Teopeivie MapKOBa fljia MHoro- 
TOHCHHMx annpoKCHMaii,HH Hafle, MaTeM. c6., 1978, vol 105(147), 4, 
512-524 

[18] A. A. FoHHap, E. A. PaxManoB, C. H. CyeTHH, O cxoahmocth annpoK- 
CHMaii;HH Uajie opToroHajitHbix pasjioJKeHHH, Tpyflbi MHAH, 1991, vol 
200, 136-146 

[19] A. A. Gonchar, E. A. Rakhmanov, S. P. Suetin, On the rate of 
convergence of Pade approximants of orthogonal expansions, American- 
Russian Advances in Approximation Theory, Springer- Verlag, New York, 
1992, vol, 169-190 

[20] A. A. Gonchar, E. A. Rakhmanov, S. P. Suetin, On the convergence 
of Chebyshev-Pade approximations to real-valued algebraic functions, 
http://arxiv.org/abs/1009.4813 http://arxiv.org/abs/1009.4813, 2010 

[21] A. A. FoHHap, E. A. PaxManoB, C. H. CyexHH, O cxo;];hmocth jinHeftHMx 
aiiiipoKCHMaii,nii na;j,e-He6t>imeBa fljia MHorosHaHHbix anajiHTHHecKHx 
cJ)yHKn;HH, 2011, in preparation 

[22] B. H. /l,y6HHHH, CHMMeTpH3au;HH b reoMCTpHHecKofi xeopHH 4)yHKii;HH 
KOMnjicKCHoro nepeMCHHoro, YMH, 1994, vol 49, JV^ 1(295), 3-76 

[23] B.H. JXyGnKHK, HeKOToptie cBoiicTBa BHyxpeHHero iipHBeflCHHoro mo- 
flyjifl, Ch6. MaTCM. acypn., 1994, vol 35, 4, 774-792 

[24] S. W. EUacott, On the Faber transform and efficient numerical rational 
approximation, SIAM J. Numer. Anal., vol 20, 1983, K"- 5, 989-1000 

[25] S. W. EUacott, E. B. Saff, Computing with the Faber transform. Rational 
Approximation and Interpolation (Tampa, 1983), Lecture Notes in 
Math., 412-418, vol 1105, Springer, Berlin, 1984 

[26] K. M. EpMOXHH, TexHOJiorHfl nocTpoennfl paspesoB mctoaom anajiHTH- 
necKoro npoflOJiacennfl reo4)H3HHecKHx nojiefi, FeoHH4)opMaTHKa, 2010, 
JVs 2, 51-60 



46 



[27] JJ;>K. /],>KeHKHHC, OflHOJIHCTHbie 4)yHKI];HH H KOHcJjOpMHbie OToSpaJKeHHfl, 

M., HJl, 1962 

[28] R. Jentzsch, Untersuchungen zur Theorie der Folgen analytischer 
Funktionen, Acta Math., vol 41, 1, 1916, 219-251 

[29] Jl. A. KHHSfHepMaH, BbiflejieHne nojiiocoB noTeHi];Hajii>Hi>ix nojieii c no- 
MombK) pasjioaceHHa b paflbi Oypbe-HeSbimeBa, Hsb. AH CCCP, cep. 
4)H3HKa SeMjiH, 1984, K"- 11, 119-123 

[30] Jl. A. KHHxcHepMaH, AnnpoKCHMai^na Ilafle-OaSepa MapKOBCKHx 4)yHK- 

LI,HH Ha BemeCTBeHHO-CHMMeTpHHHblX KOMnaKTax, MaTBM. 3aMeTKH, 

2009, vol 86, jV^ 1, 81-94 

[31] M. IIlH4)4)ep, HeKOTopbie hobbic peayjiBTaTBi b xeopHH kohcJjopmhbix 
OTo6pa2KeHHH, HpHjio^ceHHe k KHHre: P. KypanT, npHHii,Hn /^npHx- 
jie, KOH(J)opMHbie OToSpaaceHHfl h MHHHMajiBHBie noBepxHOCTH, HJl, M., 
1953, 234-301 

[32] r. B. KysBMHHa, Mopyjm ceMeficTB KpHBbix h KBa;];paTHHHBie flH4)4)e- 
peHii;Hajibi, Jl., Hayxa, 1980, Tpyflbi MHAH, vol 139 

[33] H. C. JlaHflKocJ), Ochobbi coBpeMeHHoft TeopHH noTeni^Hajia, M., Hayxa, 
1966 

[34] G.L. Litvinov, Error autocorrection in rational approximation and 
interval estimates. A survey of results. Cent. Eur. J. Math., vol 1, 2003, 

JY5 1, 36-60 

[35] B.H. JleSe^eB, O Haxoxc^^enHH MHoroHjieHOB HaHjiynmero c BecoM npn- 
SjiHJKeHHfl, MaTeM. c6., 2008, vol 199, 2, 49-70 

[36] A. Martinez-Finkelshtein, E. A. Rakhmanov Critical measures, 
quadratic differentials, and weak limits of zeros of Stieltjes polynomials, 
http://arxiv.org/abs/0902.0193, 2009 

[37] A. Martinez-Finkelshtein, E. A. Rakhmanov On asymptotic 
behavior of Heine-Sticltjes and Van Vleck polynomials, 
http://arxiv.org/abs/0903.2614, 2009 

[38] E. A. HepeBOSHHKOBa, E. A. PaxManoB, BapHaii;Hfl paBHOBecHofl sHeprnn 

H (S'-CBOHCTBO KOMUaKTOB MHHHMajIBHOH CMKOCTH, HpCnpHHT, 1994, M. 



47 



[39] E. A. PaxMaHOB, C. IT. CyeTHH, Bapnai^na paBHOBecHoii SHeprnn h S- 
CBOHCTBO CTan;HOHapHi>ix KOMnaKTOB, in preparation, 2011 

[40] E. Remes, Sur le calcul efFectif des polynomes d'approximation de 
TschebyschefF, 1934, C. R. Acad. Sci., Paris, vol 199, 337-340 

[41] E. 51. PeMe3, Ochobbi HHCJieHHBix mbtoaob He6BimeBCKoro npii6jiH»ce- 
HHa, KneB, HayKOBa flyMKa, 1969 

[42] B. H. Cmhphob, H. A. JIe6e^eB, KoHcxpyKTHBHaa Teopna (jDyHKii,HE[ kom- 
HjieKCHoro nepeMeHHoro, M., Hayxa, 1964 

[43] H. Stahl, Extremal domains associated with an analytic function. I, 
Complex Variables Theory Appl., 1985, vol 4, 311-324 

[44] H. Stahl, Extremal domains associated with an analytic function. II, 
Complex Variables Theory Appl., 1985, vol 4, 325-338 

[45] H. Stahl, Structure of extremal domains associated with an analytic 
function. Complex Variables Theory Appl., 1985, vol 4, 339-354 

[46] H. Stahl, Orthogonal polynomials with complex valued weight 
function. I, Constr. approx., 1986, vol 2, 225-240 

[47] H. Stahl, Orthogonal polynomials with complex valued weight 
function. II, Constr. approx., 1986, vol 2, 241-251 

[48] H. Stahl, Convergence of rational interpolants. Numerical analysis. 
Louvain-la-Neuve, 1995, Bull. Belg. Math. Soc. Simon Stevin, 1996, 
JVasuppL, 11-32 

[49] H. Stahl, Diagonal Fade approximants to hyperelliptic functions, Ann. 
Fac. Sci. Toulouse Math. (6). Spec. Iss., 1996, 121-193 

[50] H. Stahl, The convergence of Fade approximants to functions with 
branch points, J. Approx. Theory, vol 91, 1997, 2, 139-204 

[51] C. n. CyeTHH, O TeopcMC Monxeccy jie Bojiopa p^jis HejiHHefiHbix an- 
npoKCHMaii;HH Ilafle opToroHajibHbix pasjioacenHH h pa^oB OaGepa, 
P^AU CCCP, 1980, vol 253, 1^'- 6, 1322-1325 



48 



[52] C. n. CyeTHH, O cymecTBOBanHH HejiHHeflHbix annpoKCHMaii;HH Uap^e- 
HeGbimeBa p^jis anajiHTHHecKHx 4)yHKii;HH, MaTeM. aaivieTKH, 2009, vol 
86, 2, 290-303 

[53] C. n. CyeTHH, O paBHOMepHoii cxo^hmocth flHaroHajiBHbix aiiiipoKCH- 
Man;HH Ha^^e jijis rHHepsjiJiHHTHHecKHx 4)yHKH,HH, MaTeM. c6., 2000, vol 

191, 9, 81-114 

[54] G. Szego, Uber die Nullstellen von Polynomen, die in einem Kreise 
gleichmassig konvergieren, Sitzungsber. Berl. Math. Ges., vol 21, 1922, 

59-64 

[55] L.N. Trefethen, M.H. Gutknecht, The Caratheodory-Fejer method for 
real rational approximation, SIAM J. Numer. Anal., vol 20, 1983, 2, 
420-436 

[56] L.N. Trefethen, M.H. Gutknecht, Padc, stable Pade, and Chebyshev- 
Pade approximation, Algorithms for Approximation, Shrivenham, 1985, 
vol 10, Oxford Univ. Press, New York, 1987, 227-264 

[57] /3,»c. Jl. Yojim, HnTepnojiHi^HH h annpoKCHMai^na paH;HOHajii>Hi>iMH 
4)yHKn;H5iMH b KOMHjieKCHott o6jiacTH, M., 1961, HJI 



49 



